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Abstract : 

This work is devoted to the mathematical study of the Hawking effect for fermions 
in the setting of the collapse of a rotating charged star. We show that an observer 
who is located far away from the star and at rest with respect to the Boyer Lindquist 
coordinates observes the emergence of a thermal state when his proper time goes to 
infinity. We first introduce a model of the collapse of the star. We suppose that the 
space-time outside the star is given by the Kerr-Newman metric. The assumptions on 
the asymptotic behavior of the surface of the star are inspired by the asymptotic be- 
havior of certain timelikc geodesies in the Kerr-Newman metric. The Dirac equation 
is then written using coordinates and a Newman-Penrose tetrad which are adapted 
to the collapse. This coordinate system and tetrad are based on the so called simple 
null geodesies. The quantization of Dirac fields in a globally hyperbolic space-time is 
described. We formulate and prove a theorem about the Hawking effect in this set- 
ting. The proof of the theorem contains a minimal velocity estimate for Dirac fields 
that is slightly stronger than the usual ones and an existence and uniqueness result 
for solutions of a characteristic Cauchy problem for Dirac fields in the Kerr-Newman 
space-time. In an appendix we construct explicitly a Penrose compactification of 
block / of the Kerr-Newman space-time based on simple null geodesies. 

Resume : 

Ce travail est dedie a l'etude mathematiquc dc Pcffet Hawking pour des fermions 
dans le cadre de 1'effondrement d'une etoile chargee en rotation. On demontre qu'un 
observateur localise loin de l'etoile et au repos par rapport aux coordonnees de Boyer- 
Lindquist observe Pemergence d'un etat thermal quand son temps proprc tend vers 
l'infini. On introduit d'abord un modele de 1'effondrement dc l'etoile. On suppose que 
l'espace-temps a l'exterieur de l'etoile est donne par la mctrique de Kerr-Newman. 
Les hypotheses sur le comportement asymptotique de la surface de l'etoile sont in- 
spirees par le comportement asymptotique de certaines geodesiques de type temps 
dans la mctrique de Kerr-Newman. L'equation de Dirac est alors ecrite en utilisant 
des coordonnees et une tetrade de Newman-Penrose adaptes a 1'effondrement. Ce 
systeme de coordonnees et cette tetrade sont bases sur des geodesiques qu'on appelle 
des geodesiques simples isotropes. La quantification des champs de Dirac dans un 
espace-temps globalement hyperbolique est decrite. On formule un thcoremc sur l'effet 
Hawking dans ce cadre. La preuve du thcoremc conticnt une estimation de vitesse 
minimale pour les champs de Dirac legerement plus forte que les estimations usuelles 
ainsi qu'un rcsultat d'existence et d'unicite pour les solutions d'un probleme car- 
acteristique pour les champs de Dirac dans l'espace-temps de Kerr-Newman. Dans un 
appendicc, nous construisons explicitement la compactification dc Penrose du bloc I 
de l'espace-temps de Kerr-Newman qui est basee sur les geodesiques simples isotropes. 

2000 Mathematics Subject Classification : 35P25, 35Q75, 58J45, 83C47, 83C57, 
83C60. 
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Chapter 1 

Introduction 



It was in 1975 that S. W. Hawking published his famous paper about the creation of 
particles by black holes (see [H2]). Later this effect was analyzed by other authors in 
more detail ( see e.g. [47]) and we can say that the effect was well understood from a 
physical point of view at the end of the 1970's. From a mathematical point of view, 
however, fundamental questions linked to the Hawking radiation such as scattering 
theory for field equations on black-hole space-times had not been addressed at that 
time. 

In the early 1980's Dimock and Kay started a research programme concerning 
scattering theory on curved space-times. They obtained an asymptotic completeness 
result for classical and quantum massless scalar fields on the Schwarzschild metric 
(see [19]-[2T]). Their work was pushed further by Alain Bachelot in the 1990's. He 
showed asymptotic completeness for Maxwell and Klein-Gordon fields (see [T], [5]) 
and gave a mathematically precise description of the Hawking effect (see [I]- [5]) in 
the spherically symmetric case. Meanwhile other authors contributed to the subject 
such as Nicolas (see [HE]), J m ( see an d Melnyk (see [HS], [SZ])- All these works 
deal with the spherically symmetric case. 

The more realistic case of a rotating black hole is more difficult. In the spherically 
symmetric case, the study of a field equation can be reduced to the study of a 1 + 1 
dimensional equation with potential. In the Kerr case this reduction is no longer 
possible and the methods used in the papers cited so far do not apply. A paper by De 
Bievre, Hislop, Sigal using different methods appeared in 1992 (see [E])- By means of 
a Mourre estimate they show asymptotic completeness for the wave equation on non- 
compact Riemannian manifolds; possible applications are therefore static situations 
such as the Schwarzschild case, which they treat, but the Kerr geometry is not even 
stationary. In this context we also mention the paper of Daude about the Dirac 
equation in the Reissner-Nordstrom metric (see |14|). A complete scattering theory for 
the wave equation on stationary, asymptotically flat space-times, was obtained by the 
author in 2001 (see [27]). To our knowledge the first asymptotic completeness result 
in the Kerr case was obtained by the author in [28j . for the non superradiant modes 
of the Klein-Gordon field. The first complete scattering theory for a field equation 
in the Kerr metric was obtained by Nicolas and the author in [35] for massless Dirac 
fields. This result was generalized by Daude in [13] to the massive charged Dirac field 
in the Kerr-Newman metric. All these papers use Mourre theory. 

The aim of the present paper is to give a mathematically precise description of the 
Hawking effect for spin 1/2 fields in the setting of the collapse of a rotating charged 
star. We show that an observer who is located far away from the black hole and 
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at rest with respect to the Boyer-Lindquist coordinates observes the emergence of 
a thermal state when his proper time t goes to infinity. Let us give an idea of the 
theorem describing the effect. Let be the Regge- Wheeler coordinate. We suppose 
that the boundary of the star is described by = z(t,6). The space-time is then 
given by 

M co i =|J s r'> s r' = {(*,r*,w) £|x Mr, x S 2 ; r, > z(t,6)}. 
t 

The typical asymptotic behavior of z(t, 6) is (k + > 0) : 

z{t, 6) = -t- A(9)e- 2K ^ + B{6) + C(e~ 4K+t ), t -» oo. 

Let 7it = L 2 ((S( 0/ , dVol); C 4 ). The Dirac equation can be written as 

dt^ = ify^ + boundary condition. (1-1) 

We will put a MIT boundary condition on the surface of the star. The evolution of 
the Dirac field is then described by an isometric propagator U(s,t) : H s — ► Tit- The 
Dirac equation on the whole exterior Kerr-Newman space-time M. bh will be written 
as 

Here Fj is a selfadjoint operator on TL = L 2 ((M rt x S 2 , dr^duj); C 4 ). There ex- 
ists an asymptotic velocity operator P s.t. for all continuous functions J with 
lim^i^oo J{x) =0 we have 

J(P±) = s - t Km^e-^J (^) e*" 9 . 

Let U co i{M co i) resp. Ubh(M.bh) be the algebras of observables outside the col- 
lapsing body resp. on the space-time describing the eternal black-hole generated by 
** oZ ($i)# co i($ 2 ) resp. $^($i)$ BH ($ 2 ). Here * coi ($) resp. are the 

quantum spin fields on M. co i resp. A4bh- Let aj co ; be a vacuum state on U co i{M. co i)] 
u vac a vacuum state on Ubh{M-bh) and u^faw De a KMS-state on Ubh(Mbh) with 
inverse temperature a > and chemical potential /i = e crr ' (see Chapter[5]for details). 
For a function <£> S Cq°(A1 s_y) we define : 

$ T (i,r*,u;) = ®(t-T,r*,w). 

The theorem about the Hawking effect is the following : 

Theorem 1.1 (Hawking effect). Let 

^e(C^(M col ))\j = l 7 2. 

Then we have 

lim w col (** col ($T)y col ($T)) 

1 — >oo 

= (P-)$i)*sif(l R+ (P-)*a)) 

+ o; t)OC (^ H (lg-(P-)$ 1 )^ M (l R -(p-)$ 2 )), (1.2) 

-Tffaiu = I/O" = K+/27T, |ti = e 77=^— + r. 
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Here q is the charge of the field, Q the charge of the black-hole, a the angular 
momentum per unit mass of the black-hole, r + = M + M 2 — (a 2 + Q 2 ) defines the 
outer event horizon and n+ is the surface gravity of this horizon. The interpretation 
of p.2p is the following. We start with a vacuum state which we evolve in the proper 
time of an observer at rest with respect to the Boyer Lindquist coordinates. The limit 
when the proper time of this observer goes to infinity is a thermal state coming from 
the event horizon in formation and a vacuum state coming from infinity as expressed 
on the R.H.S of (|1.2p . The Hawking effect is often interpreted in terms of particles, 
the antiparticle falling into the black hole and the particle escaping to infinity. From 
our point of view this interpretation is somewhat misleading. The effect really comes 
from an infinite Doppler effect and the mixing of positive and negative frequencies. 
To explain this a little bit more we describe the analytic problem behind the effect. 
Let /(r*,u;) e Cg°(lR xS 2 ). The key result about the Hawking effect is : 

km \\l %oo) {%)U(Q,T)f\\l = <l K+ (p-)/, / i e ^(l + M e^)- 1 l R+ (p-)/) 

1 — too 

+ ||1 [0iCo) (Fj)1 r -(P-)/|| 2 , (1.3) 

where /i, rj, a are as in the above theorem. Equation (|1.3p implies (|1.2p . 

The term on the L.H.S. comes from the vacuum state we consider. We have to 
project on the positive frequency solutions (see Chapter [5] for details). Note that 
in (jl.3p we consider the time reversed evolution. This comes from the quantization 
procedure. When time becomes large the solution hits the surface of the star at a 
point closer and closer to the future event horizon. Figure 11.11 shows the situation 
for an asymptotic comparison dynamics, which satisfies Huygens' principle. For this 
asymptotic comparison dynamics the support of the solution concentrates more and 
more when time becomes large, which means that the frequency increases. The con- 
sequence of the change in frequency is that the system does not stay in the vacuum 
state. 

We conclude this introduction with some comments on the boson case which we 
do not treat in this paper. This case is more difficult because of the superradiance 
phenomenon. There exists no positive conserved energy for the wave equation in 
block / of the Kerr metric. This is linked to the fact that the Kerr metric is not 
stationary outside the black hole. Because of the difficulty linked to superradiance, 
there is at present no complete scattering theory for the wave equation on the Kerr 
metric, a necessary prerequisite for the mathematical description of the Hawking 
effect. However some progress in this direction has been made by Finster, Kamran, 
Smoller and Yau who obtained an integral representation for the propagator of the 
wave equation on the Kerr metric (see [22]). We also refer to [7] for scattering results 
in a superradiant situation. 

Notations 

Let (M ,j) be a smooth 4-manifold equipped with a lorentzian metric g with 
signature (+, — , — , — ). We denote by V a the Levi-Civita connection on (A4,g). 

Many of our equations will be expressed using the two-component spinor notations 
and abstract index formalism of R. Penrose and W. Rindler [U] . 

Abstract indices are denoted by light face latin letters, capital for spinor indices 
and lower case for tensor indices. Abstract indices are a notational device for keeping 
track of the nature of objects in the course of calculations, they do not imply any 
reference to a coordinate basis, all expressions and calculations involving them are 
perfectly intrinsic. For example, g a b will refer to the space-time metric as an intrinsic 
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Figure 1.1: The collapse of the star 



symmetric tensor field of valence 



i.e. a section of T*M © T*M and g ab will 



refer to the inverse metric as an intrinsic symmetric tensor field of valence 



a section of TA4 TM. (where © denotes the symmetric tensor product, TM. the 
tangent bundle to our space-time manifold Ai and T*M its cotangent bundle). 

Concrete indices defining components in reference to a basis are represented by 
bold face latin letters. Concrete spinor indices, denoted by bold face capital latin 
letters, take their values in {0, 1} while concrete tensor indices, denoted by bold face 
lower case latin letters, take their values in {0, 1,2,3}. Consider for example a basis 
of TM, that is a family of four smooth vector fields on M : B — {eo, e\, e 2 , e 3 } 
such that at each point p of M. the four vectors eo(p), ei(p), e-iip), e.^(jp) are linearly 
independent, and the corresponding dual basis of T*M : B* = {e°, e 1 , e 2 , e 3 } such 
that e a (eb) = denoting the Kronecker symbol ; g a b will refer to the components 

of the metric g a b in the basis B : <? a b = <?(e a , eb) and g &h will denote the components 
of the inverse metric g ab in the dual basis B* , i.e. the 4x4 real symmetric matrices 
(gab) and (g ab ) are the inverse of one another. In the abstract index formalism, the 
basis vectors e a , a = 0, 1, 2, 3, are denoted e a a or <? a a . In a coordinate basis, the basis 
vectors e a are coordinate vector fields and will also be denoted by <9 a or ; the 
dual basis covectors e a are coordinate 1-forms and will be denoted by dx a . 

We adopt Einstein's convention for the same index appearing twice, once up, once 
down, in the same term. For concrete indices, the sum is taken over all the values of 
the index. In the case of abstract indices, this signifies the contraction of the index, 
i.e. f a V a denotes the action of the 1-form f a on the vector field V a . 

For a manifold Y we denote by C£°(Y) the set of all C°° functions on Y, that 
are bounded together with all their derivatives. We denote by Coo(Y) the set of all 
continuous functions tending to zero at infinity. 
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Chapter 2 



Strategy of the proof and 
organization of the article 

2.1 The analytic problem 

Let us consider a model, where the eternal black-hole is described by a static space- 
time (although the Kerr-Newman space-time is not even stationary, the problem will 
be essentially reduced to this kind of situation) . Then the problem can be described 
as follows. Consider a riemannian manifold Eo with one asymptotically euclidean end 
and a boundary. The boundary will move when t becomes large asymptotically with 
the speed of light. The manifold at time t is denoted XV The "limit" manifold £ is 
a manifold with two ends, one asymptotically euclidean and the other asymptotically 
hyperbolic (see Figure l!Q]) . The problem consists in evaluating the limit 

lim ||l [0i0o) (FJ MO,T)/||o, 

1 — >oo 

where U(0, T) is the isometric propagator for the Dirac equation on the manifold 
with moving boundary and suitable boundary conditions. It is worth noting that the 
underlying scattering theory is not the scattering theory for the problem with moving 
boundary but the scattering theory on the "limit" manifold. It is largely believed 
that the result does not depend on the boundary condition. We will show in this 
paper that it does not depend on the chiral angle in the MIT boundary condition. 
Note also that the boundary viewed in lj t {t} x S t is only weakly timclike, a problem 
that has been rarely considered (but see [1]). 

One of the problems for the description of the Hawking effect is to derive a rea- 
sonable model for the collapse of the star. We will suppose that the metric outside 
the collapsing star is always given by the Kerr-Newman metric. Whereas this is a 
genuine assumption in the rotational case, in the spherically symmetric case Birkhoffs 
theorem assures that the metric outside the star is the Reissner-Nordstrom metric. 
We will suppose that a point on the surface of the star will move along a curve which 
behaves asymptotically like a timelike geodesic with L = Q = E = 0, where L is the 
angular momentum, E the rotational energy and Q the Carter constant. The choice 
of geodesies is justified by the fact that the collapse creates the space-time, i.e. angu- 
lar momenta and rotational energy should be zero with respect to the space-time. We 
will need an additional asymptotic condition on the collapse. It turns out that there 
is a natural coordinate system (t, f, uj) associated to the collapse. In this coordinate 
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Figure 2.1: The manifold at time t = So and the limit manifold S. 

system the surface of the star is described by f = z(t,6). We need to assume the 
existence of a constant C s.t. 



It can be checked that this asymptotic condition is fulfilled if we use the above 
geodesies for some appropriate initial condition. On the one hand we are not able 
to compute this initial condition explicitly, on the other hand it seems more natural 
to impose a (symmetric) asymptotic condition than an initial condition. If we would 
allow in (|2.ip a function C(9) rather than a constant, the problem would become 
more difficult. Indeed one of the problems for treating the Hawking radiation in the 
rotational case is the high frequencies of the solution. In contrast with the spherically 
symmetric case, the difference between the Dirac operator and an operator with con- 
stant coefficients is near the horizon always a differential operator of order one 0. This 
explains that in the high energy regime we are interested in, the Dirac operator is not 
close to a constant coefficient operator. Our method to prove (|1.3|) is to use scattering 
arguments to reduce the problem to a problem with a constant coefficient operator, 
for which we can compute the radiation explicitly. If we do not impose a condition 
of type (12. ip . then in all coordinate systems the solution has high frequencies, in the 
radial as well as in the angular directions. With condition ()2.1|) these high frequencies 
only occur in the radial direction. Our asymptotic comparison dynamics will differ 
from the real dynamics only by derivatives in angular directions and by potentials. 



In this section we will give some ideas of the proof of (|1.3p . We want to reduce the 
problem to the evaluation of a limit that can be explicitly computed. To do so, we use 

1 In the spherically symmetric case we can diagonalize the operator. After diagonalization the 
difference is just a potential. 



\z(t,6)+t + C\ -►0, t->oo. 



(2.1) 



2.2 Strategy of the proof 



2.2. STRATEGY OF THE PROOF 
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the asymptotic completeness results obtained in [29] and [14] . There exists a constant 
coefficient operator ~p^_ s.t. the following limits exist : 

Wt ■= a- lim e-^e^-WP*), 

t— >±oo 

fit := s- lim e-^e^lR^P*). 

£ — >±oo 

Here Pt is the asymptotic velocity operator associated to the dynamics e lt ^— . Then 
the R.H.S. of (L3]) equals : 

l|l[o,oo) (J&)1r- (O/l I 2 + (1 + Me CTP - )-^- /) • 

The aim is to show that the incoming part is : 

lim ||l [0 , oo) (IV,o)[MO,r)Q-/||2= (O-^/ie^Cl+Zie^)-^-/), 

where the equality can be shown by explicit calculation. Here JZ>^_ t and J7<_(s,t) are 
the asymptotic operator with boundary condition and the associated propagator. The 
outgoing part is easy to treat. 

As already mentioned, we have to consider the solution in a high frequency regime. 
Using the Regge- Wheeler variable as a position variable and, say, the Newman- 
Penrose tetrad used in [25] we find that the modulus of the local velocity 

[ir«,$ = /i 2 (n,w)r 1 

is not equal to 1, whereas the asymptotic dynamics must have constant local velocity. 
Here h is a continuous function and T 1 a constant matrix. Whereas the (r#,ui) 
coordinate system and the tetrad used in [29] were well adapted to the time dependent 
scattering theory developed in [29j , they are no longer well adapted when we consider 
large times and high frequencies. We are therefore looking for a variable f s.t. 



{(t,r,ui);r ±t — const.} 



are characteristic surfaces. By a separation of variables Ansatz we find a family of 
such variables and we choose the one which is well adapted to the collapse of the star 
in the sense that along an incoming null geodesic with L = Q = we have : 

dr 

at = ~ ' 

This variable turns out to be a generalized Bondi-Sachs variable. The null geodesies 
with L — Q — are generated by null vector fields N ± that we choose to be I 
and n in the Newman-Penrose tetrad. If we write down the hamiltonian for the Dirac 
equation with this choice of coordinates and tetrad we find that the local velocity now 
has modulus 1 everywhere and our initial problem disappears. The new hamiltonian 
is again denoted Tp. Let be an asymptotic comparison dynamics near the horizon 
with constant coefficients. Note that (|1.3[) is of course independent of the choice of 
the coordinate system and the tetrad, i.e. both sides of (|1.3| are independent of these 
choices. We now proceed as follows : 



1. We decouple the problem at infinity from the problem near the horizon by cut-off 
functions. The problem at infinity is easy to treat. 
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2. We consider U(t, T)f on a characteristic hypersurface A. The resulting charac- 
teristic data is denoted g T . We will approximate (lZ-f by a function 

with compact support and higher regularity in the angular derivatives. Let 
U<-(s,t) be the isometric propagator associated to the asymptotic hamiltonian 
with MIT boundary conditions. We also consider U<-(t,T)(ClZ-f)n on A. 
The resulting characteristic data is denoted R . The situation for the asymp- 
totic comparison dynamics is shown in Figure ITTTI 

3. We solve a characteristic Cauchy problem for the Dirac equation with data 
g^\ R . The solution at time zero can be written in a region near the boundary 

as 

G(gl tR ) = U(0, T/2 + c )$(T/2 + c ), 

where $ is the solution of a characteristic Cauchy problem in the whole space 
(without the star). The solutions of the characteristic problems for the asymp- 
totic hamiltonian are written in a similar way and denoted respectively G^ (g^_ R ) 
and 

4. Using the asymptotic completeness result we show that g T — R — > when 
T,R — > oo. By continuous dependence on the characteristic data we see that : 

G(g T )-G(gl iR )^0,T,R^^. 

5. We write 

G(gl !R ) - G^(gl tR ) = 17(0, T/2 + o)(*(T/2 + <%) - <MT/2 + c )) 

+ ((7(0, T/2 + c ) - U^(0, T/2 + c ))$^(T/2 + c ). 

The first term becomes small near the boundary when T becomes large. We 
then note that for all e > there exists t e > s.t. 

\\(U(t E , T/2 + c ) - M*e, T/2 + c ))$^(T/2 + c )|| < e 

uniformly in T large. The function 17<_(i e , T /2+c )$^(T /2+c ) will be replaced 
by a geometric optics approximation Fj which has the following properties : 

suppif C (-* e - |0(e- K + T )|, -t e ), (2.2) 

Fl - 0, T -> oo, (2.3) 

VA>0 Op(x((0 < A(?»)F£ -> 0, T - oo. (2.4) 
Here £ and g are the dual coordinates to f,0 respectively. 

6. We show that for A sufficiently large possible singularities of Op(x((0 > \(q)))F£ 
are transported by the group e^ lt '^ in such a way that they always stay away 
from the surface of the star. 

7. From the points 1. to 5. follows : 

lim \\l [0iOo) (%)j_U(0,T)f\\ 2 = lim \\l [0iOo) (%)U(0,t e )F£\\l 

where j_ is a smooth cut-off which equals 1 near the boundary and at infinity. 
Let 4>s be a cut-off outside the surface of the star at time 0. If <pg = 1 sufficiently 
close to the surface of the star at time we see by the previous point that 



(1 - 4> s )e- u ^Fl -> 0, T -> oo. 



(2.5) 
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oo. 



Therefore it remains to consider : 



lim \\l [0jOo) (p )4> s e 

1 — >oo 




8. We show that we can replace l[ 0jOO )(B ) by lro l00 )Q3)- This will essentially allow 
to commute the energy cut-off and the group. We then show that we can replace 
the energy cut-off by l[o, 00 )(P < _)- We end up with : 



9. We compute the limit in (|2.6p explicitly. 

2.3 Organization of the article 

The paper is organized as follows : 

• In Chapter [3] we present the model of the collapsing star. We first analyze the 
geodesies in the Kerr-Newman space-time and explain how the Carter constant 
can be understood in terms of the hamiltonian flow. We construct the variable 
f and show that 



We then show that in the (t,r,ui) coordinate system we have along incoming 
timelike geodesies with L = Q = E = : 



asymptotically like (|2.7p with B(8 ,ro{0o)) — const. Here r (8 ) is a function 
defining the surface at time t = 0. 

• In Chapter U] we describe classical Dirac fields. We introduce a new Newman- 
Penrose tetrad and compute the new expression of the equation. New asymp- 
totic hamiltonians are introduced and classical scattering results are obtained 
from scattering results in and [2]. The MIT boundary condition is dis- 
cussed in detail. 

• Dirac quantum fields are discussed in Chapter [5] We first present the second 
quantization of Dirac fields and then describe the quantization in a globally 
hyperbolic space-time. The theorem about the Hawking effect is formulated 
and discussed in Section IQ1 

• In Chapter [S] we show additional scattering results that we will need later. A 
minimal velocity estimate slightly stronger than the usual ones is established. 

• In Chapter \7\ we solve the characteristic problem for the Dirac equation. We 
approximate the characteristic surface by smooth spacelike hypersurfaces and 
recover the solution in the limit. This method is close to that used by Hormander 
in [3T] for the wave equation. 



lim ||l[ ,oo)QZL)e 

1 — *oo 




(2.6) 



— = ±1 along null geodesies withL = Q = 0. 
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• Chapter[8]contains several reductions of the problem. We show that (|1.3p implies 
the theorem about the Hawking effect. We use the axial symmetry to fix the 
angular momentum. Several technical results are collected. 

• Chapter [§] is devoted to the comparison of the dynamics on the interval [t e ,T]. 

• In Chapter [TU] we study the propagation of singularities for the Dirac equation 
in the Kerr-Newman metric. We show that "outgoing" singularities located in 

{(r,w,£,q);r> -t e -C~\ |£| > C\q\} 

stay away from the surface of the star for C large. 

• The main theorem is proven in Chapter 1111 

• Appendix El contains the proof of the existence and uniqueness of solutions of 
the Dirac equation in the space-time describing the collapsing star. 

• In Appendix[5]we show that we can compactify the block / of the Kerr-Newman 
space-time using null geodesies with L = Q = instead of principal null 
geodesies. 



Chapter 3 

The model of the collapsing 
star 



The purpose of this chapter is to describe the model of the collapsing star. We will 
suppose that the metric outside the star is given by the Kerr-Newman metric, which is 
discussed in Section l3~T1 Geodesies are discussed in Section f3. 1.21 We give a descrip- 
tion of the Carter constant in terms of the associated hamiltonian flow. A new position 
variable is introduced. In Section 13.21 we give the precise asymptotic behavior of the 
boundary of the star using this new position variable. We require that a point on the 
surface behaves asymptotically like incoming timelike geodesies with L = Q = E = 0, 
which are studied in Section 15. 2. II The precise assumptions are given in Section [5. 2. 21 



3.1 The Kerr-Newman metric 

We give a brief description of the Kerr-Newman metric, which describes an eternal 
rotating charged black-hole. A detailed description can be found e.g. in [48 . 

3.1.1 Boyer-Lindquist coordinates 

In Boyer-Lindquist coordinates, a Kerr-Newman black-hole is described by a smooth 
4-dimensional lorentzian manifold Ai bh = If x M r x S^, whose space-time metric g 
and electromagnetic vector potential <E> Q are given by : 



9 = 



( 



1 + 



Q 2 - 2Mr 
? 



) 



2a sin 2 0(2Mr - Q 2 ) 
? 




— sin 2 9 dip 2 , 



(3.1) 



$ a aV 
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Here M is the mass of the black hole, a its angular momentum per unit mass 
and Q the charge of the black-hole. If Q = 0, g reduces to the Kerr metric, and if 
Q = a = we recover the Schwarzschild metric. The expression (l3~Tj) of the Kerr 
metric has two types of singularities. While the set of points {p 2 = 0} (the equatorial 
ring {r = , 8 = tt/2} of the {r = 0} sphere) is a true curvature singularity, the 
spheres where A vanishes, called horizons, are mere coordinate singularities. We will 
consider in this paper subextremal Kerr-Newman space-times, that is we suppose 
Q 2 + a 2 < M 2 . In this case A has two real roots: 



r± = M ± \J M 2 - (a 2 + Q 2 ). (3.2) 

The spheres {r = r_} and {r = r + } are called event horizons. The two hori- 
zons separate M. bh into three connected components called Boyer-Lindquist blocks : 
Bi, Bu, Bin{r + < r, r_ < r < r + ,r < r_). No Boyer-Lindquist block is stationary, 
that is to say there exists no globally defined timelike Killing vector field on any 
given block. In particular, block / contains a toroidal region, called the ergosphere, 
surrounding the horizon, 



£ = 



{(t, r,9,ip); r+<r < M + \J M 2 - Q 2 - a 2 cos 2 j , (3.3) 

where the vector d/dt is spacelike. 

An important feature of the Kerr-Newman space-time is that it has Petrov type D 
(see e.g. [12])- This means that the Weyl tensor has two double roots at each point. 
These roots, referred to as the principal null directions of the Weyl tensor, are given 
by the two vector fields 

v± = rjj^_ dt±dr+ 

Since V + and V~ are twice repeated null directions of the Weyl tensor, by the 
Goldberg-Sachs theorem (see for example [121 Theorem 5.10.1]) their integral curves 
define shear-free null geodesic congruences. We shall refer to the integral curves of 
V + (respectively V~) as the outgoing (respectively incoming) principal null geodesies 
and write from now on PNG for principal null geodesic. The plane determined at 
each point by the two prinipal null directions is called the principal plane. 

We will often use a Regge- Wheeler type coordinate in Bi instead of r (see e.g. 
[12]), which is given by 

r* = r + - — In \r - r + \ - - — In \r - r_| + R , (3.4) 

ZK_|_ ZK— 

where Rq is any constant of integration and 

K± = 2(rl+a 2 ) (3 ' 5) 
are the surface gravities at the outer and inner horizons. The variable r* satisfies : 

^ = (3-6) 
dr A y J 

When r runs from r + to oo, runs from — oo to oo. We put: 

£ := R r , x S 2 . (3.7) 
We conclude this section with a useful identity on the coefficients of the metric : 
Q 2 - 2Mr a 2 sin 2 6{2Mr - Q 2 ) 2 _ p 2 A 

H J 1 2 — 2~' ^-°) 

p l p^a z a z 
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3.1.2 Some remarks about geodesies in the Kerr-Newman space- 
time 

It is one of the most remarkable facts about the Kerr-Newman metric that there exist 
four first integrals for the geodesic equations. If 7 is a geodesic in the Kerr-Newman 
space-time, then p :— (7', 7') is conserved. The two Killing vector fields dt, d v give 
two first integrals, the energy E := (7', d t ) and the angular momentum L := —(7', d v ). 
There exists a fourth constant of motion, the so-called Carter constant JC (see e.g. 
[TTJ). Even if these facts are well known we shall prove them here. The explicit form 
of the Carter constant in terms of the hamiltonian flow appearing in the proof will be 
useful in the following. We will also use the Carter constant Q — JC-(L-aE) 2 , which 
has a somewhat more geometrical meaning, but gives in general more complicated 
formulas. Let 

P := (r 2 + a 2 )E — aL, D := L aEsin 2 9. (3.9) 

We will consider the hamiltonian flow of the principal symbol of ^D g and then use 
the fact that a geodesic can be understood as the projection of the hamiltonian flow 
on Mbh- The d'Alembert operator associated to the Kerr-Newman metric is given 
by: 

a 2 2a(Q 2 -2Mr) A - a 2 sin 2 fl 

- ld r Ad r -\^—dgsmdd e . (3.10) 
p z sin o 

The principal symbol of in s is : 
la 

2p 2 \A' ~ A HV ' Asm 2 

Let 

C P := jfrr^^T^ge,^);.?^,!-,^ <p',T,^,qe,q v ) = ^p 

Here (r, £, qg, q v ) is dual to (t, r, 8, if). We have the following : 

Theorem 3.1. (i) Let x a = (t , r , <po, #0, To, £o, qe , Q<p ) € C p and 

x(s) = (t(s),r(s),6(s),ip(s);T(s),£(s),q$(s),qp(s)) be the associated hamiltonian flow 

line. Then we have the following constants of motion : 

P = 2P,E = t,L = -q v , lC = q 2 g + + pa 2 cos 2 6 = ^- - A|£| 2 - pr 2 , (3.12) 

sin A 

where D, P are defined in iS.9\) . 
It follows 

Corollary 3.1. Let 7 with 7' = t'd t + r'd r + 9'dg + tp'd v be a geodesic in the Kerr- 
Newman space-time. Then there exists a constant JC — /C 7 such that 

p\r') 2 = R{r) = A{-pr 2 - JC) 

4fn'\2 _ /Oi/a\ _ ir . 2 „2 a 



1 (a 2 2 2a(Q 2 - 2Mr) A - a 2 sin 2 a 2 2 , 



p^iO'Y = 0(6) = K. - pa' cos 



D aP 



sin 2 9 A ' 
p 2 i' = aD + (r 2 + a 2 )|. 



P 2 , 


(3.13) 


D 2 






(3.14) 


sin 2 6»' 






(3.15) 




(3.16) 
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Remark 3.1. Theorem \3 . 1\ explains the link between the Carter constant K, and the 
separability of the wave equation. Looking for f in the form 

f(t,r,6,<p)=e i » t e in 'Of r (r)M6) 

we find : 

° 9 / = o 

/ (r 2 +a 2 ) 2 „ 2a(Q 2 -2Mr) r 2 + a 2 , . a 2 r 

(-" A — ^ L ™ + —£— D rt (r 2 + a 2 )D rt - — 

a 2 sin 2 9uo 2 + + -^—:Dg sin ODg] / = 0. 

sin 2 6 sin 6 J 

D 2 

For fixed ui Pg 2 := a 2 sin 2 6uj 2 + . $„ + ^-g-De sin#Z?0 is a positive elliptic operator 
on the sphere with eigenf unctions of the form e mip fg(8). This gives the separability of 
the equation. The Carter constant is the analogue of the eigenvalue of Pg 2 in classical 
mechanics. 

Proof of Theorem [3TT1 

The hamiltonian equations are the following : 

. (a 2 Q 2 - 2Mr \ 

1 = [7A T - a p 2 A g *)' (3 - 17) 
f = 0, (3.18) 

r = (3.19) 
P 2 

i = -d r P, (3.20) 

(3.21) 



q$_ 



1 n ll 



d o~^ 5 P. ( 3 - 22 ) 



w P 2 2p 2 %in 2 p 2 

f a{2Mr-Q 2 ) A - a 2 sin 2 9 \ 

<P = T 2 a • 2 a gy ) > 3 - 23 

4 V - 0, (3.24) 

where we have used that (t,r,Q,cp,T,Z, qe,q v ) stays in C p . The first two constants 
of motion follow from ([3718]) . (j3~24|) . We multiply (l3~22l with q e given by ()3.21j) and 
obtain : 

1 d <t 



2 dt sin" 



<7eO0 = — a- smtfcostfT ft ^ ha cos ft sin 

-> ir" " 

-,2 



.11 ( a 2 sin 2 0T 2 + + fl 2 CQS 2 g 

2 dt \ sin 2 6> 



a 2 

qg + a sin ftr H 1 h a cos 9p = K. = const. 

sin" 



To obtain the second expression for AC we use the fact that the flow stays in C p . □ 

The case L — is of particular interest. Let 7 be a null geodesic with energy 
E > 0, Carter constant /C, angular momentum L = and given signs of 7g, 6*q. We can 
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associate a hamiltonian flow line using (|3.12|) to define the initial data To, £07 Qe a i Q^o 
given to,ro,9o,ipo. The signs of qe a and £0 are fixed by signqg Q = — sign9' Q , signed = 
—signr' . From (|3.12[) we infer conditions under which £, qg do not change their signs. 

(r 2 +a 2 ) 2 E 2 

JC < mm => £ does not change its sign, 

rE(r+, 00) A 

<2 > => does not change its sign. 

Note that in the case Q = 7 is either in the equatorial plane or it does not cross it. 
Under the above conditions £ resp. qe can be understood as a function of r resp. 9 
alone. In this case let k>c,B and Ik,e s.t. 

-r = — , l K,E = —j^-i t k,e ■= k K . E {r) +Ik,e{0). (3.25) 

It is easy to check that (t, f/c e,oj) is a coordinate system on block /. We note that by 
e£_ 



(|3.16p we have d s t = > 0, thus r, 6*, 93 can be understood as functions of t along 



7- 

Lemma 3.1. We have : 

dfK,i 



T along 7, (3.26) 



at 

where t is the Boyer-Lindquist time. 
Proof. 

This is an explicit calculation using equations (|3.13[1 - (|3.16[) . (|3.17|) - ([3.24jl : 

dfic,E drjc : E dr ds df/c^E d9 ds 

dt dr ds dt 89 ds dt 

= -(\tfA+\q e \ 2 )±(an + (r 2 +a 2 )^ 
1 /P 2 D 2 \ / _ , P 



aT> + {r z +a z )-\ = -1 



E \ A sin 2 67 \ A . 

□ 

We will suppose from now on r' < 0, i.e. our construction is based on incoming 
null geodesies. 

Remark 3.2. Using the axial symmetry of the Kerr-Newman space-time we can for 
many studies of field equations in this background fix the angular momentum d v = in 
in the expression of the operator. The principal symbol of the new operator is the 
principal symbol of the old one with q v = 0. This explains the importance of Lemma 

EES 

We will often use the 7% variable and its dual variable £*. In this case we have to 
replace £(r) by r ^ a £*(?"*)■ The function kjc,E is then a function of 7% satisfying : 

k'K, E (r*) = J, (3-27) 

where the prime denotes derivation with respect to . Using the explicit form of the 
Carter constant in Theorem 13. II we find : 

( k K.E) 2 = 1 - p + a 2y E 2 ' ( 3 ' 28 ) 

(1'k,e) 2 = J -a 2 sin 2 0. (3.29) 
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In particular we have : 



We will often consider the case Q = and write in this case simply k, I instead of 

k a 2 E 2 ,Ei L 2 E 2 ,E- 

Remark 3.3. The incoming null geodesies with Carter constant JC, angular momen- 
tum L = 0, energy E > and given sign of 0' are the integral curves of the following 
vector fields : 

Ml E = j 2 (j^d t (r 2 + a 2 )k' K>E (n(r))d r - l' K . E (9)d e + ^Ml^L d ^ . (3 .31) 



Let us put 



V 29a = , ^(( r2 + fl X £ (^WR+t £ ») 




W?d a = 

w 2 a d a = l —=L=[^^ I i> KE d r -k' K , E d l 



Note that 



V?Vi a = l,V 2 a V2 a = W?W la = W2W 2a = -l, 
L a N a = 0V7V a , L a e {Vi , V 2 a , W£, W^} L a ^ N a . 

Clearly the considered null geodesies lie in TL = span-fV", V 2 a }. Using the Frobenius 
theorem (see e.g. WA Theorem 1.7.4]) we see that, in contrast to the PNG case, in 
our case the distribution of planes II = span{Wi , W 2 } is integrable. 



Corollary 3.2. For given Carter constant K, energy E > and sign of0' the surfaces 

nC,± 

'JC,E 

are characteristic. 



C KE = {(*> r *> ±* = rjC,E(r*,0) +c} 



Proof. 

By Lemma f3.1l the incoming null geodesic 7 with Carter constant 1C, energy E, 
angular momentum L = and the correct sign of 6' lies entirely in C^~ E if the starting 

point lies in it. The geodesic j(— s) lies in Cj£ + E . □ 

Remark 3.4. (i) The variable fjc,E is a Bondi-Sachs type coordinate. This coordinate 
system is discussed in some detail in \26T/ . As in \26$ we will call the null geodesies 
with L = Q = simple null geodesies (SNG's). 

(ii) A natural way of finding the variable f]CE * s t° start with Corollarv \3.2\ Look 
for functions ktc, E (r*) and Ik.,e{@) such that Cj£ E — {±t = k/c. E (r*) + Ik.,e{&)} is 



characteristic. The condition that the normal is null is equivalent to \3. 30\) . The 
curve generated by the normal lies entirely in Cj^,. 
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Remark 3.5. From the explicit form of the Carter constant in Theorem VS. 1\ follows : 

a 2 

qj + ip- E 2 )a 2 cos 2 6 + = Q. (3.32) 

sin 

This is the equation of the 8 motion and it is interpreted as conservation of the 

2 

mechanical enerqy with V{6) = {p- E 2 )a 2 cos 2 6 + as potential energy and q 2 in 

the role of kinetic energy. The quantity E = (E 2 —p)a 2 is usually called the rotational 
energy. 



3.2 The model of the collapsing star 

Let Sq be the surface of the star at time t — 0. We suppose that elements xq € Sq 
will move along curves which behave asymptotically like certain incoming timelike 
geodesies j p . All these geodesies should have the same energy E, angular momentum 
L, Carter constant JC (resp. Q = K — {L — aE) 2 ) and "mass" p := (7^,7^). We will 
suppose : 

(A) The angular momentum L vanishes : L = 0. 

(B) The rotational energy vanishes : E — a 2 (E 2 — p) = 0. 

(C) The total angular momentum about the axis of symmetry vanishes : Q = 0. 
The conditions (A)-(C) are imposed by the fact that the collapse itself creates the 

space-time, thus momenta and rotational energy should be zero with respect to the 
space-time. 

3.2.1 Timelike geodesies with L = Q = E = 

We will study the above family of geodesies in the following. The starting point of 
the geodesic is denoted (0, ro, #0; fo)- Given a point in the space-time, the conditions 
(A)-(C) define a unique cotangent vector provided you add the condition that the 
corresponding tangent vector is incoming. The choice of p is irrelevant because it just 
corresponds to a normalization of the proper time. 

Lemma 3.2. Along the geodesic j p we have : 

f=0, (3.33) 



dt 

dip _ a{2Mr - Q 2 ) 
~dt ~ V 2 ' 

where t is the Boyer-Lindquist time. 
Proof. 

(1333} follows directly from (|3TT3J) . We have 

d V dpds _ 1 / a(r 2 + a 2 )E \ ( (r 2 + a 2 ) 2 

Aa (J2 2 w a(2Mr-Q 2 



(3.34) 



(T 2 A 



(r 2 + a — A) 



□ 

the 

space-time. Our next aim is to adapt our coordinate system to the collapse of the 



The function ^ = a ( 2M ^ v ; is usually called the local angular velocity of the 
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star. The most natural way of doing this is to choose an incoming null geodesic 7 
with L = Q = and then use the Bondi-Sachs type coordinate as in the previous 
section. In addition we want that k(r*) behaves like r* when r* — * —00. We therefore 
put : 

*(r.) = ^ + £1^1-^0^-1^*, (3.35) 

1(9) = a sin 6. (3.36) 

The choice of the sign of V is not important, the opposite sign would have been 
possible. Recall that cos 9 does not change its sign along a null geodesic with L = Q = 
0. We fix the notation for the null vector fields generating 7 and the corresponding 
outgoing vector field (see Remark I3.3[) : 

N^d a = ^U± £±*rV(r.)0r. ± * «cob«* + a ( 2Mr ~ Q 2 ) g \ . (3 . 37) 

p z A \ 0~ U (7 J 

These vector fields will be important for the construction of the Newman-Penrose 
tetrad. We put : 



f = jfe(r.) + 1(9) (3.38) 

and by Lemma l3.ll we have : 

Qt 

— =-1 along 7 . (3.39) 
Note that in the (t, r,u>) coordinate system the metric is given by : 



Q 2 - 2Mr\ 
? J 



2a sin 2 9(2Mr - Q 2 ) 



p 2 A (df - V{9)d9) 2 
(r 2 + a 2 ) 2 k'(r^) 2 



p 2 A9 2 



dtdip 
2 9dtp 2 . 



(3.40) 



In order to describe the model of the collapsing star we have to evaluate ^ along 
7 P . We start by studying r(t, 9). Recall that 9(t) = 9q = const, along 7 P and that 
K + = 2(r 2 +a 2 ) IS ^ ne sur f ace gravity of the outer horizon. In what follows a dot will 
denote derivation in t. 

Lemma 3.3. There exist smooth functions Ci(9,ro), C2(9,tq) such that along 7 P we 
have uniformly in 9, ro £ [fi,^] C (r+,00): 

J-ln|r-r+| = -t - C x (9, r ) e - 2K +* + C 2 (9, r Q ) + 0(e^+ t ), t 00. 

Proof. 

Note that (r 2 +a 2 ) > A on [r + , 00). Therefore ^ cannot change its sign. As 7 P is 
incoming, the minus sign has to be chosen. From (|3.13j) . (|3. 16|) we find with p = E 2 : 

§ = -((r 2 +a 2 )(2Mr-Q 2 )) 1 / 2 A. (3 . 4 1) 
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We can consider 9 as a parameter. Equation (|3 .41 [1 gives : 

r a 2 

' ~ X ((s 2 +a 2 )(2Ms-Q 2 ))i/2A 3 



2k 



' In \r~r+\ + C 2 - I P{s)ds (3.42) 



+ 



'■+ 



with 



P(r) : = 



a 2 



{{r 2 + a 2 ){2Mr - Q 2 )) l / 2 {r - r_) 2k+ / r - r+ 
Pi(r) 1 \ 1 



ffe(r) 2k + J r - r + 



P 2 (r)(Fi(r) + 5 i T P 2 (r))r-r + ' 

1 /" ro 
C 2 := — hr -r+ + / P(s)ds. 

Note that P 2 (r + ) — 4^3- P| = 0. As Pf (r) — jV-F"! ( r ) is a polynomial we infer 
that P(r) is smooth at r+. Let 

P(r) := — - — / P(s)ds. 
r - r+ 7 r+ 

Clearly P is smooth and lim r ^ r+ F(r) — P(r+) =: P(r + ). From ()3.42p we infer : 

r-r+ = e -2«+* e 2« + (C 2 -(r-r + )F(r)) ) ( g 43) 
r-r+ = e -2«+t e 2K + C 2e /(t) ( 3 44 ) 

with /(<) = C(e" 2K +*). Putting (|3~4"4"| into (|S7^5|) we obtain : 

r _ r+ = e -2 K+ t e 2K+(C 2 -e- 2 ' i + t e 2 ''+<52 e /(t) F(r)) 

=> -^-lnlr-r+l = -t + C 2 - e - 2K + t e 2K + (52 e /( * ) P(r) 
2k_|_ 

= -t + C* 2 -e- 2K + t e 2K+(?2 P(r + ) 
+ e 2K+{d2 - l) {F{r + )- e /w P(r)) 

and it remains to show : 

P(r+) - e /(t) P(r) = C( e - 2K +*). (3.45) 

We write : 

F(r+) - e f{t) F{r) = F{r+) - P(r) + (1 - e /(t) )P(r). (3.46) 

Noting that 

e f(t) = i + 0(e- 2K+t ) 

we obtain the required estimate for the second term in (|3.46p . To estimate the first 
term we write : 

F(r + )-F { r)=r P ™ ~ P & ds 
Jr+ r - r+ 
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As \P(s) — P(r + )\ < \s — r+| we have : 



\F(r + )-F(r)\< 



r 


s — r + 




r — r + 



ds < \r-r+\ = 0(e~ lK+t ) 



(|3.46p follows. From the explicit form of the equations it is clear that everything is 
uniform in 9,tq S [rijTa]. O 

Lemma 3.4. (i) There exist smooth functions A(0,ro), B(9,ro) such that along 7 P 
we have uniformly in 9, ro G [n^a] C (r+,oo): 

r* = -t-A{6,r )e- 2K + t +B(9,r ) + O(e- 4K + t ), t -> oo. 

(m) There exist smooth functions A(9,r$) > 0, B{9,r$) such that along 7 P we have 
uniformly in 9, ro € [ri,r 2 ] C (r + ,oo): 

f = -t-A(9,r a )e- 2K+t + B{9,r ) + O(e-' iK+t ),t^oo. (3.47) 

Furthermore there exists ko > s.i. /or all t > 0,9 E [0,ir] we have : 



(r 2 +a 2 ) 2 2 



> k e- 2K+t . 



Proof. 

(i) Recall that : 

r* = rH In |r — r + | lnlr — r_| 

2k_|_ 2k_ 

= r-t-CxiO, r )e- 2K +* + C 2 (0, r ) - ^- In |r - r_| + 0( e - 4K +') 

= r +e -2K+t e -2 K+ C 1 (e,r )e- 2 ' t + t e 2K + C 2 (9,ro) e O(e- 4 »+ t ) 

- J-m 

2k_ 



r 2 K+ t e -2K + Ci(e,r ) e - 2 ' t + t e 2K + C 2 (e,ro) e O(e- 4K + t ) +r 



t - Ci(9, r )e- 2K+t + C 2 (9, r ) + ©(e- 4 ^) 

_ t + e -2K + Ci(e,r ) e 2K + C 2 (e,r ) e -2K + t 



2«_(r + — r_) 



e -2K + Ci(e,r ) e 2K + C 2 (e,ro) e -2K + t 



+ (7 2 (0,r o ) -C 1 (0,r o )e- 2K + t +r+ - -L m | r+ - r_| + ©(e" 4 ^) 

ZK— 

= -t- A(9, r )e- 2K+t + B(9, r ) + 0( e - 4K +*), 

where we have used the Taylor expansions of the functions e x , ln(l + x). 
(ii) By part (i) of the lemma we have : 



df I a 2 IS. dr* 

dt = V 1 ~ (r 2 + a 2 ) 2 



1 - (r2 ^ 2)2 (-1 + 2 *+^ ^o)e~ 2K+t + Oie-^ 1 )) . (3.48) 



By Lemma [373] we find : 

a 2 A 



, ... 2 =G(r o ,0)e- 2K + t + O(e- 4K + t ), (3.49) 
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and thus 

V (r 2 +a 2 ) 2 2(r 2 +a 2 ) 2 ( 1 

= l-^G(r ,e)e- 2K + t + O(e- 4K + t ). 

Putting this into ()3.48p gives : 

= -1 + 2k+A(9, r )e- 2K + i + 0( e - 4K +), t -> oo. 

It remains to show that ro) > 0. The curve t >— ► (t,f(t),9(t),(p(t)) has to be 
timelike. Using and (jllgf we find 

k 



(r 2 + a 2 ) 2 k' 2 

E 2 a 4 f(r 2 + a 2 ) 2 



{r 2 + a 2 ) 2 k' 2 p 2 A V cr 2 
It follows : 

( r + a ) W2 -2 i a ^» ; -2/c+t 

fc — r I > cqA > kge + 



'2 i2 



In particular we have A(9, ro) > 0. □ 



3.2.2 Precise assumptions 

Let us now make the precise assumptions on the collapse. We will suppose that 
the surface at time t = is given in the (t, r, 9, tp) coordinate system by Sq = 
{(^o(^o)j Oo, Vo)i (#0, fo) G S 2 }, where ro(#o) is a smooth function. As fo does not de- 
pend on ipo, we will suppose that z{t, Oo, ifo) will be independent of ipo : z(t, 9q, (fo) = 
z(t, do) = z(t, 9) as this is the case for f(t) describing the geodesic. Thus the surface 
of the star is given by : 

S = {(t, z(t, 9),u);t 6l,we S 2 }. (3.50) 

The function z(t, 9) satisfies 

Vi < 0, 9 G [0, it] z{t, 6) = z(0, 6) < 0, (3.51) 
V<> 0, 9 g [0, tt] i(i,0)<O, (3.52) 
3/c > OVt > 0,6» G [0,?r] 

((irf±«!)I^ ( £(t) M _ 22 (t) 0) ) > fcoe - 2 -+*, (3.53) 

3i G C°°([0,7r]), |eC°°(Rx [0,tt]) l(t,0) = -t - A(0) e - 2re +* + 0) 
i(6»)>0, V0<a,/3<2 |<9 t Q <9f£(i, 0)| < C a , p e- iK + t V6> G [0, tt], t > 0. (3.54) 

As already explained these assumptions are motivated by the preceding analysis. We 
do not suppose that a point on the surface moves exactly on a geodesic. Note that 
(13321 . (5351 imply : 

V* > 0, 9 G [0, tt] - 1< i(t, 0) < 0. 
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Equations (|3.51|) - (|3.54|) summarize our assumptions on the collapse. The space-time 
of the collapsing star is given by : 

Mod = {{t,f,6,<p); f > z(t,6)}. 

We will also note : 
Thus : 

M co l = \JX™ 1 . 

t 

Note that in the (t, r*, 9, ip) coordinate system M. co i and S™' are given by : 
M co i = {(t, r.,0, tp); r* > z(t, 9)}, = {(r*, 6, tp); n > z{t, 9)} 

with 

z(t, 6) = -t- A{9)e- 2K + t + B(9) + C(e- 4K +*) 
for some appropriate A(9), B(9). 

Remark 3.6. (i) Let us compare assumptions l3.50] )- [3.54\ ) to the preceding discus- 
sion on geodesies. The assumption \3.54\j contains with respect to the previous discus- 
sion an additional asymptotic assumption. Comparing to Lemma \3.4\ this condition 
can be expressed as B(9,ro{9)) — const. (ro(6) = r(fo(9),6)). Using the freedom of 
the constant of integration in Jff.^[ ) we can suppose 

B(9,r (9))=0. (3.55) 

(ii) The Penrose compactification of block I can be constructed based on the SNG's 
rather than on the principal null geodesies (PNG's). This construction is explained 
in Appendix\B[ Starting from this compactification we could establish a model of the 
collapsing star that is similar to the one established by Bachelot for the Schwarzschild 
case (see JlJ/j. In this model the function z would be independent of 9. 

We finish this chapter with a lemma which shows that the asymptotic form (|3.54p 
can be accomplished by incoming timelike geodesies with L = Q = E = 0. 

Lemma 3.5. There exists a smooth function tq(6) with the following property. Let 7 
be a timelike incoming geodesic with Q = L = E = and starting point (0, ro(9o), 9q, ipo). 
Then we have along 7; 

r + t — > 0, t — > 00. 

Proof. 

Let Mg(r) — C-i{6,r), C2(9,r) as in Lemma T3. 31 We have (see the explicit form 
of C2(9, r) in the proof of Lemma [53)1 : 

dMf, 

lim M e (r) = -00, lim M g (r) = 00, -— — > e > OVr e (r+,oo), 9 E [0,tt]. 
Therefore Mq 1 exists and we put 

r Q (9) = Mg 1 (—asm9 - r+ + ^— In |r+ - r_|), r (9) = f(r (9), 9). 
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Clearly ($2(0, (6)) = — asin9 — r+ + j^- In |r+ — r_|. Following the proof of Lemma 
13.41 we see that 

5(0, r ) - C 2 (0, r ) + r+ - -L In |r+ - r_ | = -a sin 6. 

ZK- 

Using ipT55|) . J33S]), (pHgj) and (pHTll we see that 

B(e,r {9 )) = lim f + t = B(6,r (9)) + a sin = 0. 

t — >oo 

□ 
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Chapter 4 

Classical Dirac Fields 



In this chapter we describe classical Dirac fields on Bj as well as on M. C oi- The main 
results of this chapter are collected in Section 14.11 Sections 14.21 and 14.31 contain a 
discussion about spin structures and Dirac fields which is valid in general globally 
hyperbolic space-times. In Section 14.41 we introduce a new Newman-Penrose tetrad 
which is adapted to our problem and we discuss scattering results as far as they are 
needed for the formulation and discussion of the main theorem. Other scattering 
results are collected in Chapter [S] The boundary condition is discussed in Section 
14.51 The constructions in this section are crucial for what follows. However the reader 
who wishes to get a first idea of the main theorem can in a first reading accept the 
results of Section |4~T1 and skip the rest of this chapter before coming back to it later. 



4.1 Main results 

Let H = L 2 ((Rf x S 2 , dfdw); C 4 ), P 1 = Diag(l, -1, -1, 1). 

Proposition 4.1. There exists a Newman-Penrose tetrad such that the Dirac equa- 
tion in the Kerr-Newman space-time can be written as 

d t i/; = iHiP; H = r 1 D f +P UJ + W, 

where W is a real potential and P w is a differential operator of order one with deriva- 
tives only in the angular directions. The operator H is selfadjoint with domain 
D(H) = {v € H; Hv G H}. 

Proposition 4.2. There exist selfadjoint operators s.t. for all g € Coo(IR): 

g(P ± ) = s- lim e- itH g( f -\^ H . (4.1) 

t^±oo \t I 



Let 



i?<- — T 1 Df. ^ kDu, + 



H + = {v = (vi,V2,v 3 , Vi) e H; vi = V4, = 0}, 
H~ = {v = (vi,V2,v 3 , Vi) e H; v 2 = v 3 = 0}. 

The operator i?<_ is selfadjoint on Ti. with domain D(H^) = {v 6 H; H^v € H}. 
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Theorem 4.1. The wave operators 

Wt = s- lim e~ ltH e ltH ^P H ^, 

t — !-±00 

Sit = s- lim e- itH -e UH l R T{P ± ) 

t — >±oo 

exist. 

There exist similar wave operators at infinity using a modified asymptotic dynam- 
ics Unit)- Using the above tetrad the Dirac equation with MIT boundary condition 
(chiral angle v) can be written in the following form: 

dt% = mm, z(t,6)<r, } 
(£ Ae{t f 9 *}^A7 A )*(MM),") = -ie-™r'V(t,z(t,9),u;), \ (4.2) 
*(* = «,.) = *,(.). J 

Here Mp, are the coordinates of the conormal, 7 M are some appropriate Dirac matrices 
and 7 5 = Diag(l, 1,-1,-1). Let H t = L 2 (({(f,u) elxS 2 ;f> z(t,d)},dfduj); C 4 ). 

Proposition 4.3. The equation can be solved by a unitary propagator U(t, s) : 

TL S — > Tit- 



4.2 Spin structures 

Let (M, g) be a smooth 4-manifold with a lorentzian metric g with signature (+,—,—,—) 
which is assumed to be oriented, time oriented and globally hyperbolic. Global hy- 
perbolicity implies : 

1. (M,g) admits a spin structure (see R.P. Geroch [HlHHm] and E - Stiefel 03) 
and we choose one. We denote by S (or S" 4 in the abstract index formalism) 
the spin bundle over M and S (or § A ') the same bundle with the complex 
structure replaced by its opposite. The dual bundles §* and S* will be denoted 
respectively E>a and §,4/ . The complexified tangent bundle to M. is recovered as 
the tensor product of S and S, i.e. 

TM ® C = § ® S or T a M ®C = § A ®S> A ' 

and similarly 

T*M (g) C = §* §* or T a M ® C = S A ® &a> ■ 

An abstract tensor index a is thus understood as an unprimed spinor index A 
and a primed spinor index A' clumped together : a = AA' . The symplectic 
forms on S and S are denoted e^s, £A'B' an d are referred to as the Levi-Civita 
symbols, cab can be seen as an isomorphism from S to §* which to n A associates 
Ka = k B €ba- Similarly, €a>b' and the corresponding e A B can be regarded as 
lowering and raising devices for primed indices. The metric g is expressed in 
terms of the Levi-Civita symbols as g a b — ^ab^A'B 1 ■ 

2. There exists a global time function t on M. The level surfaces St, t G K, of the 
function t define a foliation of M. , all T, t being Cauchy surfaces and homemorphic 
to a given smooth 3— manifold S (see Geroch [25 ). Geroch's theorem does not 
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say anything about the regularity of the leaves E t ; the time function is only 
proved to be continuous and they are thus simply understood as topological 
submanifolds of M. A regularization procedure for the time function can be 
found in [5], [H]. In the concrete cases which wc consider in this paper the 
time function is smooth and all the leaves are diffcomorphic to E. The function 
t is then a smooth time coordinate on M. and it is increasing along any non 
space-like future oriented curve. Its gradient V a t is everywhere orthogonal to 
the level surfaces E t of t and it is therefore everywhere timelike; it is also future 
oriented. We identify M. with the smooth manifold R x E and consider g as a 
tensor valued function on R x E. 

Let T a be the future-pointing timelike vector field normal to E t , normalized for later 
convenience to satisfy : 

T a T a = 2, 

i.e. 

T a = y^|v% where |Vt| = (g ab V a W b t)^ 2 . 

4.3 The Dirac equation and the Newman- Penrose 
formalism 

In terms of two component spinors (sections of the bundles S A , §>a, ^> A or E>a<), the 
charged Dirac equation takes the form (see [44], page 418): 

J (Vi,-iq*i,)4>A = liXA>, ( . 



where to > is the mass of the field. The Dirac equation (|4.3p possesses a 
conserved current (see for example [40] ) on general curved space-times, defined by 
the future oriented non-spacelike vector field, sum of two future oriented null vector 
fields : 

v a = 4> A 4> A ' + x A x A ' ■ 

The vector field V a is divergence free, i.e. V a V a = 0. Consequently the 3-form 
w = *V a dx a is closed. Let E be a spacelike or characteristic hypersurface, dfl the 
volume form on M. induced by the metric [d£l — p 2 dt Adr /\du for the Kerr-Newman 
metric), Af a the (future pointing) normal to E and C a transverse to E with M a C a = 1. 
Then 



s 



b A 4>A'dx AA ' + XAXA'dx AA ') 



f Nbb>L BB ' * (MA'dx AA ' + X AXA'dx AA ') 
= / £ cc 'd cc > J (M BB >dx BB ' A *(MA'dx AA ' + XAXA>dx AA ')) 

- / Af AA '(MA' + XAXA>){c BB 'd BB ,) j dn. 

If E is spacelike we can take L AA = N AA and the integral defines a norm and by 
this norm the space i 2 (E;§ A S A ' ') as completion of Co°(E; §a ®S a '). Note that 
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if E is characteristic J E *^A0A'rf^' 4j4 = does not entail <Pa = on E (see Remark 
14. ip . If E t are the level surfaces of t, then we see by Stokes' theorem that the total 
charge 

C{t) = -L jf KT Q da St (4.4) 

is constant throughout time. Here <i<T£ t = ~^T a J dfl. 

Using the Newman-Penrose formalism, equation (14. 3|) can be expressed as a system 
of partial differential equations with respect to a coordinate basis. This formalism is 
based on the choice of a null tetrad, i.e. a set of four vector fields l a , n a , m a and fh a , 
the first two being real and future oriented, rh a being the complex conjugate of m a , 
such that all four vector fields are null and m a is orthogonal to l a and n a , that is to 
say 

lj a = n a n a = m a m a = l a m a = n a m a = . (4.5) 
The tetrad is said to be normalized if in addition 



l a n a = 1, m a m a = -1. (4.6) 

The vectors l a and n a usually describe "dynamic" or scattering directions, i.e. direc- 
tions along which light rays may escape towards infinity (or more generally asymptotic 
regions corresponding to scattering channels). The vector m a tends to have, at least 
spatially, bounded integral curves, typically m a and fh a generate rotations. The prin- 
ciple of the Newman-Penrose formalism is to decompose the covariant derivative into 
directional covariant derivatives along the frame vectors. We introduce a spin-frame 
{o A , t, A }, defined uniquely up to an overall sign factor by the requirements that 

o A o A ' = l a , l a l a ' = n a , o A I A ' = m a , L A o A ' = m a , o A i A = 1 . (4.7) 

We will also denote the spin frame by {e A ,e A }. The dual basis of §a is {^a^a}' 
where e A ° — —la, ^a = °A- Let <A) an d <j>\ be the components of 4>A m {° A , << A }, and 
Xo> and xv the components of \A' m (o A ,i~ A ) '■ 

00 = $AO A , 4>l = (f>Al A , X0' = XA'0 A , XV = XA'l A ■ 

The Dirac equation then takes the form (see for example [T^]) 
n a (<9 a - iq<$> a ) <j) Q - m a (d a - iq<P a ) 0i + (ji - 7)^0 + (r - flfa = ^xv , 

l a {d a - iq$ a ) 0i - m a (d a - iq$ a ) <f) + {a - tt)0 o + (e - p)(j>i = —j~Xo> , 

n a (d a - iq<I> a ) X o> - m a {d a - iq^ a ) X i> + (fi ~ l)xo> + (t - P)xv = f^<t>i , 

l a (d a - iq<S> a ) xv - m a (d a - iq$ a ) Xo> + (a - tt)xo> + (e - P)Xv = ~^%<Po ■ 

The fx, 7 etc. are the so called spin coefficients, for example fi = —fh a Sn ai 5 = 
m a V a - For the formulas of the spin coefficients and details about the Newman-Penrose 
formalism see e.g. [4"4"] . 

It is often useful to allow simultaneous consideration of bases of T a A4 and S A , 
which are completely unrelated to one another. Let {eo, e±, e%, be such a basis of 
T a A4, which is not related to the Newman-Penrose tetrad. 
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We define the Infeld-Van der Waerden symbols as the spinor components of the 
frame vectors in the spin frame {e A , e A }'- 

- AA' _ c AA' _ „ ra A^ A' _ ( n a ~"T-a 
9a — e a — 9a 6 A e A> — _ rn 1 

\ ln a fc a 

(recall that g£ = e a denotes the vector field e a ). We use these quantities to express 
in terms of spinor components : 



-ie£'(V AA ' -iq<f> AA ')4> A = -^ aAA V/Va-^a)^ = -WC A ', 
-ie A (X7 AA , - iq^ AA ,) X A ' = ~ig\ A ^ A ' (V a - iq$ a )x A ' = «M0A, 

where V a denotes V ea . For a = 0, 1, 2, 3, we introduce the 2x2 matrices 

4a t aAA' pa a 

A — g , B — g AA ,, 



(4.9) 



and the 4x4 matrices 



We find 



t =< -W2a* o )' (410) 



V 









/ a 


TO a \ 








TO a 


n a 


— n a 










m a 


-Z a 





o / 



(4.11) 



Putting '5 = (f>A@X A i the components of \& in the spin frame are * =' (0q, 0i, \° , X 1 ) 
and (|4.9|) becomes 

3 

^7 a ^( V ea-*? $ a)* + ™* = 0, (4.12) 

a=0 

where V is the mapping that to a Dirac spinor associates its components in the spin 
frame : 

* = 4>a © x A ' ^ * = 4>a © x A '- 



Remark 4.1. We Ziawe 



0A = -0oM + 01 OA, 
XA' = -XO'tA' + Xl'OA'- 



TTiits : 



0A0A' = + 010a)(-0OM.' + 01°>) 

= |0o| 2 «a - 0o0i?™ Q - faforria + |0i| 2 ^, 
XAXA' = |xo'| 2 "-a - Xo'Xvrha - XvXo'm a + |xi'| 2 Z a - 

Putting = (0q, 01, Xl'i — X0') we obtain : 

4>a4>A> + XAXA' = \^i\ 2 n a - #i* 2 rn a - f 2 $im a + |* 2 | 2 ^ 
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Thus for a vector field X a we have : 

XAXA') -- 



x AA '^> A ^ A , 



/ n a X a -m a X a \ 

-fh a X a l a X a 

l a X a m a X a 

\ m a X a n a X a ) 



(4.13) 
.(4.14) 



IfYi is a characteristic hyper surf ace with conormal n a , then 



*{{4>A<t>A> +XAXA>)dx AA ') 



nr[<pA9A> 



XAXA')d<Tz= I (|* 2 | 2 + |* 3 | 2 )rf<7S, 



where da^, = (l a d a )-l dfl. 



(4.15) 



4.4 The Dirac equation on block / 
4.4.1 A new Newman-Penrose tetrad 

The tetrad normally used to describe the Dirac equation on the Kerr-Newman back- 
ground is Kinnersley's tetrad (see [Hi])- Kinnersley uses the type D structure of the 
space-time and chooses the vectors n a ,l a to be V . In ;29] it is argued that this 
tetrad is not adapted to time dependent scattering problems. We introduce a new 
tetrad L a , N a , M a , M a which is adapted to the foliation in the sense that 

L a + N a = T a . 

One advantage of a tetrad adapted to the foliation is that the conserved current simply 
reads : 



\Xo> 



\Xv\ 2 )do-* t . 



This follows from the formulas (|4.4p and (|4. 13|) . We choose L a and N a in the plane 
spanned by T a and d r and L a to be outgoing, N a to be incoming. The choice of 
M a is then imposed, except for the freedom of a constant factor of modulus 1. In 
this construction is done for the Kerr metric, the corresponding tetrad for the 
Kerr-Newman metric is calculated in HU : 



L a = 



2 ± 



-Ad - 



N a = \T a - 



M a 



- 

„2 V r — 



a(2Mr-Q 2 ) A s 

7 1 °<p) 

a(2Mr-Q 2 ) 



2p 2(Jr ' 



f2p 



a 2 sin 



(4.16) 



The Dirac equation in the Kerr-Newman metric is then described in the following 
way. Let 



B * 2 = U 9, 
We define the Pauli matrices 





cot 8 _ 
2 



do 



sin e u v 



cote 

2 



sin 6 U V 



s 2 



D S 2 
-D S 2 



1 
1 



a = 



1 

-1 



1 

1 



<T 3 =i 



-1 

1 
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and the Dirac matrices 



7° = J 



a 
-a 



7 



Jfc n ) i — 1, 2, 3, 



a K 

which satisfy the following anticommutation relations : 

-f-f + 7*7" = 2^/ R 4, Ml i/ = 0, 3, rT = Diag{\, -\, -1, -1). 

Let 

7 5 : = _i 7 <y 7 Y = £, iafl(lj 1,-1,-1). 

We will also need the matrices r 3 ' (j = 1, 4) defined by : 



1 < fc < 3r fe 



o- fe 
— (j 



fe I ! 



-<T° 

a 



Note that 



T 1 = Diag(l, -1,-1,1). 



Let now $ be the bi-spinor ((^o 4>u Xi'i ~ Xc) an d 



Acrp 



Then the equation satisfied by \l/ is (see [Ej) : 



ft* 



ipb, 

h%h + V v D v + V 1 , 

^Dr, + a (n)p s2 + b (r,)T 4 + Ci (r*) + (%(u)D v , 



&o( r *) 



a{2Mr - Q 2 ) 



%/r 2 + a 2 



ci(r*) 



K, = — 



a sin u \ (7 



(r 2 + a 2 )cr 2 



V, = V n 



(p - vV+^)r 4 - ^(r 2 + a 2 - a), 



/ v vi \ 

v\ —vq 

v vi 

V vi -vo J 

a 3 (2Mr - Q 2 )A sin 2 9 cos 6> 
oM VA sin 9 



2p 2 a 



aV&sm9(2Mr - Q 2 )(2r(r 2 + a 2 ) - (r - M)a 2 sin 2 < 

2^3 



2p 2 CT 



— I- 



.qQV Ara sin 6* 



(4.17) 
(4.18) 
(4.19) 

(4.20) 
(4.21) 

(4.22) 
(4.23) 
(4.24) 

(4.25) 
(4.26) 



(4.27) 
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Recall from [14] that p , p are selfadjoint on 



: — L 



x S 2 ;dr,dio);C 4 ) 



with domain 



^ := D(p s ) = D(p) ={u€H*;pu€ H«} 



and that their spectrum is purely absolutely continuous. We also define the asymp- 
totic dynamics 



:D LD - 



qQr 



' + 

p_ = r 1 ^ + ™r 4 , £>(p_J = {u e 74; 0_it e K*} 



a 2 v rj_ + a 2 



= { u e H*,p H u e W*},(4.28) 



(4.29) 



Even if the above tetrad was successfully used for the proof of the asymptotic com- 
pleteness result, it has a major drawback for the treatment of the Hawking effect. 
In fact in this representation and using the Regge- Wheeler type coordinate r* the 
modulus of local velocity 

v:= [r„fl = h 2 T 1 ^T 1 

is not equal to 1. The consequence is that in the high energy regime which is charac- 
teristic of the Hawking effect the full dynamics p and the free dynamics p H or p s are 
no longer close to each other. Now recall that dtf = —1 along incoming null geodesies 
with the correct sign of 0' . This means that the observable f should increase (resp. 
decrease) exactly like t along the evolution if we focus on scattering directions on 
which f increases (decreases) in this way. We therefore choose 

l a = \N+' a , n a = \N-> a (4.30) 

for some normalization constant A. The choice of m a is now imposed except for a 
factor of modulus 1. We find : 



I" 



2p~E 



di 



(r 2 +a 2 ) 



d v 



n = 
m a = 



a{2Mr-Q i ) 
^ 



ifr (i^(acos6d rt - k'{n)d e ) + ^ 
Note that in the (<, f, lu) coordinate system we have : 



(4.31) 



r 

n a 



2p 2 A 



d t + df + -2 a cos Ode 



q(2Mr-q 2 ) . 
a(2Mr-Q 2 ) . 



sin e U( P 



and that the tetrad l a ,n a , m a is adapted to the foliation. 



4.4.2 The new expression of the Dirac equation 

Let us put 
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In order to find the new expression of the Dirac equation we express l a ,n a , m a , m a 
in terms of L a , N a , M a , M a and find the Lorentz transformation : 



/ 1 



r b a b 



+ a 
1 - a 

-0 



1 - a 
1 + a 

-i/3 
i/3 



-0 -0 

+ a) i(l — a) 
-i(l-a) i(l + a) J 



(4.32) 



where a = k'h 2 , f3 — 



A racos9, in particular : 
a 2 + /3 2 = 1. 



(4.33) 



We associate to the Newman-Penrose tetrads L a , N a , M a , M a resp. l a ,n a , m a , rh a the 
spin frames {^o A ,f- A } resp. {e A , e A } as explained in Section l4~3l The matrix S A 
of the corresponding spin transformation Sj* in the spin frame {e , ?i } is uniquely 
determined, modulo sign, by 



L b a = S A B Sj?' and det(Sf) = 1. 
The first condition can be expressed in terms of coordinates as 



\Sq\ 2 SqSq, S S , \ 

\s°\ 2 \si\ 2 sjsj; sis°: 

qO 50' ql 51' qO 51' ql 50' 

o 0°l' J u°l' °0 J 1' °0 D 1' 

\ qQ qO' ql ql' qO ql' ql qO' I 

\ O 1 O , &id i ^i^o' °1 D 0' ' 



Wc find 



q a _ 



oO ql 
°0 °0 



3 -«7r/4 



1 + a (3 
-if} i(l + a) 



=: U. 



(4.34) 



Let <pc (resp. <pc) be the components of <j>A in the spin frame {co A ,e A } (resp. 
{e A ,e A }) and x° (resp. \ c ) the components of \ A in the spin frames {e ^ ,e A } 
(resp. {e a A ,e A }). We have : 



x c ' 



W = 

,A'~ C' 



A~ B 
C 



X e A' — X e A' £ A> — X e A> e A> — X o A , 

Noting that the matrix S A , is the inverse of S£ it follows : 



~ Aq A~ B 

b e c 



Sr A 



A' a A'~ B'~ C 



A' 5 C' 



We put : 



Our aim is to calculate 



X 



u 



E*c A x A '. 

A=0 



U 
u 



(4.35) 



x We make the usual convention that A = A' numerically. 



(4.36) 
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We define : 

1 < 3 < 4 : f j := UT j U* 

and find : 

i<;<3 r* = (* _ ^), f* = r* 

x . / a ij9 \ 2 . / /3 -ia \ 3 / -1 
a = (, -i/3 -a ) ' CT = (, za -/? J ' ° = { 1 

The Dirac operator p can be written in the following form : 
* ~ \ -M r , J + ^ -M e J + sin/ v 
T> (p 2 A A3 a(2Mr - Q 2 ) 2 2 

f> if , WA / 2 , 2 xf,4 lQ r U 2,2 \ 

V\ = V o H /) - V r + a M r-(r +a - cr), 

1 Vi / \v 1 -v l 



M r 



m r. 



Mg 



-imt —mi 



Va + lhD rt hVa + T D 



/3/i „ /3/i 



yV> + 1 h D r + D r h\Ju + 1, 

V a + 1 V a + 1 



■■ Bh^/aa /„ cot6*\ , , , , , , /„ cot (A Bh^/an 

9 Bhx/an ( cot#\ hB^/an , / cot6>\ , , 

ml = L 7 ^L=L Dg + —— ) - yfc+Thyfa [Dg + — - + 

V a + 1 V ^ / v« + 1 V / 

We now want to use the variable introduced in (13. 38|) . Let H := L 2 ((RxS 2 , dfdiv); C 4 ). 
We define : 

u(r*,w) i — ^ u(r*(f,fl),w)jfc / - 1 / a (r,(f,ff)). 
V is a unitary transformation with inverse : 

v(f,uj) h- > v(r(r* , 9), w)fc' 1 / 2 (r*). 
The hamiltonian we want to work with is 



# := VJZ>V*, 



(4.37) 
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which acts on H. The operator H is selfadjoint with domain 

D(H) = {ueH; WV*u e D{Jp)} 

and its spectrum is purely absolutely continuous. This follows from the corresponding 
results for p. In order to calculate H we first observe that 

VD rt V* = {k'f^Dfik 1 ) 1 ' 2 , VDgV* = acos9D? + D e . 

Now observe that : 

1 6 2 h 2 

-(h 2 (a + l)k' - -r -k' + 2 (3 h 2 a a cos 9) = ah 2 k' + f3h 2 a a cos 9 = a 2 + 1 = 1, 

2 (a + 1) 

B 2 h 2 

i(2h 2 f3k' + - -a a cos 6 - (a + l)h 2 a a cos 9) = i(2af3 + (1 - a)(3 - (1 + a)j3) = 

a + 1 

and that 

V^TlMfc') 1/2 ^((fc') 1/2 W^+i') - ^=(fc') 1/2 cM^i^(fc') 1/2 ) 

ya + 1 Va + 1 

+ — ; ^SL a cos 6df(hJaQ\/a +T) + \fa + Ihy/apa cos 6df ( "^~°^ =) 
+ 1 Va+1 

= i<9 f (fc'/i 2 (a + l))- Ifijp ^jf^A-^ +^(/3/i 2 a acos6i) 
= 8f(a 2 + /? 2 ) = 0, 

V^TTMfc') 172 ^ (V) 1/2 ^M + A^(fc') 1/2 *((fc') 1/2 W^+T) 

+ -; df ( a cos 9 = ) — + lhyfdodfia cos OJaohs/a + 1) 
Va + 1 V V a + 1 / 

= fy(a/3) + 1/29, - p(a + 1)) = 0. 

Therefore we obtain : 

= r 1 ^ + (mlr 1 - m 2 r 3 ) - ^ 2 ao r 2 -^ + h 2 Cl + h 2 4D v 

sin 

+ V V D V + Vi. (4.38) 
Recalling that 



P w :=( _^ /e ) + Tha o^ = Uh s fE^ s ^ hU*, (4.39) 



sm 



where all functions have to be evaluated at (r*(r, 6*), 9), we see that the angular part 
is regular. Let us also define : 

W := H — Y 1 Df - P u . (4.40) 

We put 



rt-DiH), \\u\\ 2 H1 =\\Hu\ 



2 + \\u\\ 2 . 
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Lemma 4.1. 

(i) We ,0(12)) ||A..u|| w . < ||^i||«. + |M|«., (4.41) 

\\a p s2 u\\ H , < ||^i||«. + |M|«., (4-42) 

(ii) VveD(H) \\D f v\\ H < ||/Ti;|| w + ||i;|| Wj (4.43) 

\\aoP s * v \\n < \\Hv\\ n + \\v\\n- (4.44) 

Proof. 

For part (i) see [14]. Let us show (ii). From (|4.4ip we infer for v E D(H): 
-(VUd 2 U*V*v,v) < {\\Hv\\ + IMI) 2 . 

But we have : 

-VUdlWV* = -[W(fc') 1/2 ,9r]fc'9 f (fc') 1/2 W* 

- dfU(k')^ 2 [df, (h!f l2 W\ - d f [k'fdf 
> (e - 8)dj - C e 

with S = min(fc' 2 ) > 0. This gives (|4.43l) . Inequality (|4.44p can be established in a 
similar way. We use : 

VD 2 g V* = l' 2 Dj + 21'DfDg + D 2 
as well as (|Q5]| . □ 
Remark 4.2. A precise analysis of the constants in \1$ shows that 

Ve>0, 3C £ >0VueD(p) \\D r u\\n, < (1 + e)\\pu\\ n , + C e \\u\\ n *, 
Ve > 0, 3C t > OVu G D(H) \\D?u\\ H < (I + e)\\Hu\\ H + C e \\u\\ n . 

4.4.3 Scattering results 

A complete scattering theory for massless Dirac fields in the Kerr metric was obtained 
in [29] . This result has been generalized to the case of massive charged Dirac fields in 
[14] . In both works the comparison dynamics are the dynamics which are natural in 
the (t, , uj) coordinate system and the L a , N a , M a Newman- Penrose tetrad. We will 
need comparison dynamics which are natural with respect to the (t, f, 9, <p) coordinate 
system and the l a ,n a ,m a tetrad. To this purpose we define : 

iL_ = yip,- , a n qQr+ 



i a 2 v r 2 + a 2 ' 

= VUpJU*V* 



where is defined in (|4.29p . These operators are selfadjoint on H with domains 
D(H^) H;H^v G H}, D{HJ) ={»£ H;U*V*v G Let 

H + = {v = (vi,v 2 ,v 3 ,V4,) e H; vi = u 4 = 0}, 
'HT = {v = (vi,V2,v 3 ,V4) G H; v 2 = v 3 = 0}. 



We note that 



i R± (-r 1 ) = p H± , 
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where P^± is the projection from Tt to Tt . We also define the projections P2 3 and 
/':.;: 



p2,3 : 

Let 



H -> (L 2 (R x S 2 )) 2 

(U1,V2,W3,U4) !-* (^2,^3) 

W (L 2 (M x S 12 )) 2 

(«l,f2,«3,«4) (Vl,«4). 



:= D r JpZl, i> = VmWV* (4.45) 



be the "classical velocity operators" associated to ]Z>_^, ii_>. The following proposition 
gives the existence of the asymptotic velocity : 

Proposition 4.4. There exist self adjoint operators P* s.t. for all g € Coo(]R): 



^(P*) = s - lim e- lt "g - e ltM . (4.46) 

t^±oo \ t 



The operators P commute with H. Furthermore we have : 

5 (P ± )1 R± (P ± ) = a- lim e- ltH < ? (6)e rfH l R± (P ± ), (4.47) 
5 (P ± )l RT (P ± ) = a- lim e-^gi-T^l^iP*), (4.48) 

£ — >±oo 

a(P ± ) = {-1}U[0,1], (4.49) 
a„{H) = 1 {O} (P±)=0. (4.50) 

Remark 4.3. a) For limits of the form fr4-4(>\ ) we will write the following : 

P ± =s-C 00 - lim e-* tH ^ tH . 

t^±oo t 

b) We can construct in the same way 

Pi = 8-^- lim e -* tH --e UH -. 

Proof. 

Using the definition of H we see that it is sufficient to show the existence of 
s lim e -% f fefl 

By [HI Theorem 5.2] we know that 

g{P ± ) = s- lim e'^gf— ) e lt ^ exists. (4.51) 

t^±oo V t J 

As g is uniformly continuous and |f(r t ,ff) - r„| < 1 we have : 
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This gives the existence. Equalities (|4.47| . (|4.49|) . (|4.50| follow directly from the 
definitions and the corresponding equalities in [T3], so does (|4.48[) if we replace T 1 by 
r . In order to replace T 1 again by T 1 it is sufficient by a density argument to show 

Me > 0, VJ S Coo(R), suppJ C (-oo,-e) 

a - lim e"^ (g (-f 1 ) - g (-r 1 )) J (^) e«* = 0. (4.52) 

We then note that it is sufficient to show (|4. 52(1 for smooth g. Indeed as g is uniformly 
continuous we can approximate it in L°° norm by smooth functions. Equation (|4.52[) 
follows for smooth g from the observation that 



f 1 - r 1 = (Ty), T l3 = G(e K + r *), r* -> -oo. 



At infinity we define the Dollard modification : 



□ 



citH^rp f e i f*{(m-b )(sv)rnHj-+c 1 (si,))ds\ m / Q 
U D (t) = i \ , rt , n 1 ' (4.53) 

^ e^T^i/a* m = 0) v ^ 

where T denotes time ordering : 

CO r. „ 

T Ut w ( u ) du \ V / ... / W(u n )...W(u 1 )du n ...dui 

V ' n=0 Jt>u n >...>u 1 >s J 

and 6 is the classical velocity operator (see (|4.45Jl ). 
Theorem 4.2. The wave operators 



Wt = s- lim e- ltH U D (t)l R ±(P±), (4.54) 

t — >-±oo 

nt = s- lim U D (-t)e UH l m ±(P ± ), (4.55) 

t— »±oo 

W± = s- lim e- UH e ttH ^P nT , (4.56) 

i— *±oo 



fi* = s- lim e-^-e^lRTfP*) (4.57) 

t — >±oo 

ezisi and satisfy 

{wtY = fit, (at)* = wt, [wtT = fit, (fit)* = wi. (4.58) 

Remark 4.4. For the proof of the theorem about the Hawking effect we only need the 
asymptotic completeness result near the horizon. 

Proof. 

Let 

P„_ :=U*V*H^VU, P ± :=WV*P H ±VU. 
It is sufficient to show that the following limits exist : 

Wt = s- lim e- ltV, U D (t)l R ±(P±), (4.59) 
&t = s- lim ^(-iW^WP^), (4.60) 

f— >±oo 

= s- lim e-^e^-Pz, (4.61) 
n± - s- lim e- i *^e it ^l RT (P ± ) (4.62) 
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with 

U D {t) = U*V*U D {t)VU, 

P ± = s-Coo- lim e- i W—e i <* 1 p*= a -C O0 - lim e^^—e*^- 

t— *±oo t t— *±oo £ 

The existence of the first two limits is contained in [HI Theorem 5.5]. We have 

v> =( A ^ a p qQr + 



with 



-A / ri + a 2 * ri 



1 / an oi2 

2 \ a 2 i a 2 2 

an = % /^TT(fc') _1/2 ^r,(fc') _1/2 \ / aTT 



.4 



£ = (k i )- 1,2 D r ,{k')- 1,2 ^= 



VaT+T Va + l 



a i2 = ^+l{k')- ll2 D r SkT 1,2 ^= + hc = a 21 . 

Va + l 



#^ = s- lim e-^e^P^T, 



By [21 Theorem 5.4] we know that the limits 

'I 

fi| = s- lim e-^e^lRT^) 

t — >±oo 

exist. Here TCf denote 

Ttf = {u = (ui,U2, 113,114); Ul = H4 = 0}, 
W» = {u= (ui,U2,u 3 ,U4); u% = u 3 = 0}. 
It is therefore sufficient to show the existence of 

W? = s- lim e-' lt ^e ltV> Hp 



Qf = s- lim e -^ fle iCp_ 

t— *±0O 



and that 



P wJ n± = n± (4.63) 
The existence of the first limit follows from Cook's method and the fact that 

k' = l + 0(e K+r *), r* -> -00, 

a = l + C(e K+r *), r, -> -00, 

/8 = C(e K+r *), r* -> -00. 
The existence of f2j follows from the existence of 

A±=«- lim e -« tff H e ,tfl -p HT , 

i — >±oo 

where Hh = VUty H U*V* . This allows us to apply Cook's method also in this case. 
We omit the details. It remains to check (I4.63[) . We note that Pp = Irt (Pj ) , where 
P^L is the asymptotic velocity associated to . This follows from the argument used 
in the proof of Proposition 14.41 Thus 



o± - r»±i KT (p±) = i rt (p|)o± = p wf n± 

where P^ = — r 1 is the asymptotic velocity associated to p H . □ 
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4.5 The Dirac equation on M. 



col 



We want to impose a boundary condition on the surface of the star such that the 
evolution can be described by a unitary propagator. We will use the conserved current 

V a = 0A<t>A> + XAXA'- 



Integrating over the domain indicated in Figure I4.1lrl and supposing that the field is 
in a neighborhood of i gives by Stokes' theorem : 

f V a T a da Ss - f V a T a da St + f V a M a da Sl = 0, 

where JV a is the normal to the surface of the star. Therefore the necessary condition 
for charge conservation outside the collapsing body is 

V a M a = on S. (4.64) 

We will impose : 

N AA ' (f>A = -Tge-tox*', ) 

a rAA' f iu A \ on S - ( 4 - 65 ) 

Here v is the so called chiral angle. We note that (|4.65| implies (|4.64j) : 

V2M a V a = y/2{N AA 'MA>+M AA 'xAXA>) 



From (glMl) we obtain 



e- iv X A '4>A>+e- iv 4> A ' XA ,=0. 



Nba>N aa 4>a = ~~2^ B ' 



We have : 

zacMba>N AA ' = Mba-M c A ' =:k bc , 
From the antisymmetry of kbc follows : 



KCB = N C A>N B A = -KBC- 



kbc = TjK^eBC = ^N a N a e B c- 

Thus (|4l55|) implies : 

N a N a 4>B = -<t>B- 

We therefore impose 

N a N a = -1. 

This avoids that the boundary condition imposes (4>a, X A ) = on 5. We will from 
now on suppose Af a to be past directed, but the opposite choice would of course be 
possible. Let us now rewrite condition (|4.65p using a coordinate system and a spin 
frame. We have : 



W AA ' = <? aAA 'A/a = *A a AA £ 
A/a A' = AA'^a = B a Af a 



2 The Penrose compactification of block / shown in Figure is performed in Appendix FBI 
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Figure 4.1: The surface of the star and the domain of integration. 



The boundary condition (|4.65|) implies 




(4.66) 



where B = e~ W7 , 7 5 = -^VtV = -0105(1,1,-1,-1), v e K. The boundary 
condition (|4.66[) is usually called a MIT boundary condition. Using formula (|4.11[) we 
fincH: 

7* = K 7°: 7 r * = Koh 2 ^ 1 , 7 9 = K a h 2 j 2 , k = — %=■ 

PV A 

In the (t,r*,8,(p) coordinate system and the L a , N a , M a , M a tetrad the boundary 
condition that we impose reads : 

A^ 7 ^$ = -iB$ on S, (4.67) 

where A/" M are the coordinates of the conormal of the surface of the star in the 
(t, r*,6>, tp) coordinate system. Let us now consider the (t,r,6,ip) coordinate sys- 
tem and the l a , n a , m a , fh a tetrad. We denote -y*, j e , j v the Dirac matrices with 

3 As we will see we do not need the explicit form of 7 ¥> , 7 ¥> . 
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respect to these choices. We find : 

~ / 1) «r 1*0 i 2 ~ 2 <• 2 - / @ 

7 = K o7 j 7 = «o7 j 7 = ko«o« 7,7 = 



<t 2 

Putting ^ = VUQ we find the following boundary condition for : 

-A/" A 7 A * = on 5. (4.68) 

Here A//i are the coordinates of the conormal in the (i, f, 6>, 95) coordinate system. We 
will use in the following the (t, f, 8, <p) coordinate system. 
We introduce the following Hilbert spaces: 

H t = ((L 2 (X c t ° l ,drdw))\\\.\\ t ), (4.69) 

where the norm ||.|| t is defined by 

||.||,-||[tU, I«] t (^) -{•<;•"> tl'itl (4.70) 

Let 

U\ = {uE Hu Hu e H t }, ||it|&i = \\u\\ 2 + \\Hu\\ 2 t . 
We also need an extension from Hi to H 1 . To this purpose we put for <fi GHj : 

r , r . _ J <A(r,w) f>z(t,6) 
mH{r,UJ) ~ \ <j>{2z{t,6)-r,oj) r<z(t,6) ' 

It is easy to check that [</>] ff is in 7Y 1 . The operator Fj t , the spaces H*t,'Hl t as 
well as the extension [...]# are defined in an analogous way using the (t,r*,9,<p) 
coordinate system and the (L a ,N a ,M a ) tetrad. On Ai co i we consider the following 
mixed problem : 

d t V = iH t y, z(t,8)<r, ) 
(£ A e{t,f,e, v }^A7 A )*(M(t,0),w) = -iB9(t,z{t,0),w), \ (4.71) 
*(* = *,.) = *.(.)• J 

Here the operator H t is given by 
H t = H, 

D(H t ) = UeHl,l Yl ^A{tJ{t,e),w) = -iB9{tJ{t,6),w)\. 

{ \ixe{t,f,0, v } J ) 

Remark 4.5 (Explicit Calculation). It will be helpful in the following to have a more 
explicit form of the boundary condition. We choose the (t,r^,6,Lp) coordinate system 
and the L a , N a , M a , M a tetrad. The conormal of the surface of the star is : 

N a = w(t, 9)pa h 2 (zdt - dr* + (d z)d9) 

and the boundary condition reads : 

( z-h 2 (dgz)a h 2 \ 

(d e z)a h 2 z + h 2 

-(z + h 2 ) a h 2 (d e z) 

V a h 2 {dez) -z + h 2 / 

^wit.e^i-i-h 2 ! 1 + {d e z)a h 2 T 2 )<5> = -03$. 



w{t, 0) 



$ = -B<& (4.72) 
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Here w(t, 9) is a smooth function. We compute 

N a = p- 1 do 1 h~ 2 w{zd t + h 4 d rt + £ a ( 2M r-Q ) dip _ a 2 h 4 (dgz)d 6 ). 

Normalization J\f a J\f a = — 1 gives : 

w(t, 9) = {h A ~z 2 + alh^dez) 2 )- 1 ' 2 . 

In an analogous way we find in the (t, f, 9, ip) coordinate system and using the 
(l a 1 n a ,m a ,rh a ) tetrad : 

N a = wpaoh 2 (zdt — df + (dgz)d9). 
Therefore the boundary condition reads : 

w(t, 9)f i {-'z - T 1 + (d e z)a h 2 r 2 )^ = ~iB^. 

We compute : 

N a = p-'a^h^wizdt + 'z a[2Mr ~ Q2) 8 V + (1 - {dgz)^l')dr + (I' - (dgz))^dg). 

a 1 o~ o~ 

Normalization gives : 

w(t, 9) = (h 4 k' 2 - z 2 + alh\{dgz) - l') 2 )- 1 ' 2 . 

Note that by assumption VS. 53\) h A k' 2 > z 2 and thus ft 4 > z 2 . We also note that by 
the previous considerations we have : 

Rank f-k - T 1 + (d g z)a h 2 T 2 + 4f = 2. 

Let f) t = p t + zD rt , H t = H t + ZD?. We argue that H t v eHo H t v E H. Let 
H = H + 2Df. From H t u E H t we infer H[u] H € U. But (0 < S < e u e 2 > 0) : 

\\H[u] H \\ > \\H[u] H \\-0.-e 1 )\\D f [u] H \\ 

> (e 1 -5)||£> f [n] H || + e 2 ||ao^ 2 MHl|- C 'illMifll 

> el| J H-[u] ff ||-C||[u] ff ||,c>0. 

Here we have used Remark 14.21 and (|3 . 53|) . The implication H t u S Tt H t u E Tt is 
shown in a similar way. We therefore put : D(Jf) t ) — D(Jp t ), D(H t ) — D(H t ). Note 
that % = % H = H . 

Lemma 4.2. The operators (p t ,Z)(p t )) and (H t , D(H t )) are selfadjoint. 

Proof. The selfadjointness of (H t , D(H t )) follows from the selfadjointness of 
Q9 t , D(Jf) t )), which we show in the following. We calculate for u, v E D(\P t ) 

$> t u,v) = (u,p t v) + - ((— i - T 1 /! 2 + (dgz)a h 2 T 2 )u, v) (z(t, 9), oj)duj 
1 Js 2 

— (h 2 + z)uivi + (dez)aoh 2 U2Vi + (dgz)aoh 2 uiV2)(z(t, 9),u)dui 

S 2 

— if {{h 2 — z)u2V2 + (h 2 — z)u3V3 — aoh 2 (dgz)u4 : V3)(z(t, 9), u>)du) 
Js 2 

— i (— aQh 2 (dez)u3V4 — (h 2 + z)UiV/^){z{t, 9), uj)dw 
Js 2 

e iv 

— (— u 3 ui — u 4 w 2 + + U4V 2 )(z(t 7 6), cu)duj = 0. 
S 2 w 
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Therefore JZL is symmetric. We have to show that D(Jf) t ) = D(Jf) t ). We have : 

v G D{p*) ^Vu G D(%) \(p t u,v)\ < C\\u\\. (4.73) 
Taking u G C^(^ ol ;C 4 ) in (|4~73"f we find that f) t v G W*, thus v(z(t,6),uj) is well 

_ „ „ ^ 

defined. For u 6 _D(jZ> t ), v £ D{Jf> t ) we compute : 
(p t u, v) 

= (u,p t v)+i {{-z-tfT 1 + {d e z)a h 2 T 2 )u 1 v){z{t,9),u)duj 
Js 2 



= —i (—e w U3Vi — e lv u^V2 + (h — z)u 3 v 3 — a^h (dgz)u4Vzduj 
Js 2 

+ i / aoh 2 (dgz)u3V4 — (h 2 + z)u4V4)(z(t,8),ui)du} + (u,~tf) t v) 
Js 2 



= —if u 3 (—e W V\ + (h 2 — i)«3 — aoh 2 (dgz)v4)(z(t, 9), Lo)dui 
Js 2 



i / u 4 {—e lv v 2 — (dez)a Q h 2 V3 — (h 2 + z)v 4 ){z{t, 9), oj)du) + {u, p t v). 
Js 2 



It follows from ([4~73"1) 



u 3 (—e '"vi + (ft, 2 — i)«3 — aQh 2 (dgz)v4)(z(t,9),Lu)dui 
s 2 



+ / U4(— e w w 2 — (dgz)aoh 2 V3 — (h 2 + z)v<i)(z(t, 9), u)duj 
Js 2 



<C\\u\\. (4.74) 
Let (/> G Cg°(R). 0(0) = 1> = (/> ( r, ~' (t,e) ) u{n,u). Clearly 



u e («(i, = u(z (t, 9), uj) and u e G -D(p 4 ). 

We estimate : 

||u|| 2 = / / \u e \ 2 dr,duj 

Js 2 Jz(t,e) 

^ e IIM/f-|lL~(R;(L 2 (S 2 )) 4 ) 

^ e|IMHl|HMK;(i 2 (S 2 )) 4 ) ~ £ HMffllHi- 

Thus if we replace u by u c in (|4.74p . then the term on the R.H.S. goes to zero when 
e — > 0, whereas the term on the L.H.S. remains unchanged. It follows : 



Vu€D(p t ) / u 3 (-e- w vi + {h 2 - z)v 3 - a h 2 (d e z)v 4 )(z{t,9),uj)du; 

Js 2 



+ / u 4 (-e- tv v 2 ~ (dgz)a h 2 v 3 - (h 2 + z)v 4 ){z(t, 0),u)duj = 0. 
Js 2 

(4.75) 

Let K = {(z(t,0),o;); w G S" 2 }. We claim: 

V/ei 2 (K;C 2 )3«ei}(i) t ) «3,4k = /. (4.76) 
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From (|4.75p . (|4. 76(1 follows that v satisfies the boundary condition. Therefore it 
remains to show (|4.76[) . Let 



K< r { hT 1 j -: - IrV + (()„: ,a h 2 T 2 + ^-T A B ) j -■/'"'/ j "M ■ "'2 I 

with w\ — t (wi%, ...,w\4) and w 2 — *(— 21, -24)- The vectors *(- 13,— 14) and 
*(— 23,— 34) are linearly independent. Indeed supposing 



Wu j \ W 2 4 J \ —12 J V —22 

with 

M _ 1 -(2 + /i 2 ) a Q h 2 (d e z) 



a h 2 (dgz) h 2 - z 
The matrix M being invertible we find : 



( -11 


)-«( 


-21 \ 


V ^12 , 




, -22 / 



which is a contradiction. If / G L 2 (1Z; C 2 ), define g G L 2 (1Z; C 4 ) in the following way : 

3a, at w : 3 )+p( w : s )=f. 



—14 / \ W 24 

We put g := aw\ + /3u>2- By the surjectivity of the trace operator there exists u G 7i\ t 
s.t. u\tz = g. By construction of g, u G £>(Fj t ). □ 

The problem (|4.7ip is solved by the following proposition. 
Proposition 4.5. Let ^ s G D(H S ). Then there exists a unique solution 

of s.t. for allteR G Furthermore we have \ \V(t)\ \ = ||* s || and 

U(t, s) possesses an extension to an isometric and strongly continuous propagator 
from 7i s to Tit s.t. for all ty s G D(H S ) we have: 

^-U(t,s)V s = iH t U(t,s)y s . 
dt 

The proposition follows from Proposition 18.21 which is proven in the appendix. 
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Chapter 5 

Dirac Quantum Fields 



We adopt the approach of Dirac quantum fields in the spirit of [16] and [17] . This 
approach is explained in Section [5. 21 In Section f5.1l we recall the second quantization 
of Dirac fields (see e.g. [TU] for a detailed discussion of the second quantization 
procedure and [JS] for the special case of the Dirac equation) . In Section 15.31 we 
present the theorem about the Hawking effect. 

5.1 Second Quantization of Dirac Fields 

We first explain the construction in the case of one kind of noninteracting fermions. 
The one fermion space is a complex Hilbcrt space with scalar product (., .) that 
we suppose linear with respect to the first argument. The space of n fermions is the 
antisymmetric n-tensor product of 9) : 

T {Q) (f)) := C, 1 < n => T (n) {!o) := K=i& 
The Fermi-Fock space is defined as: 

m) :=©^ (n) (^)- 

For / £ ft we construct the fermion annihilation operator ojj(/), and the fermion 
creation operator a*^(f) by putting: 



a fl (/) : ^°>(fl)-{0},l<n a fl (/) : ^ n \Sj) - F^Vft), 
)(/iA...A/„) = ^^e(a)(/ CT(1) ,/}/ CT(2) A...A/ CT(n)) 

a 

0<n a%(f) : T™(Si) -+ f in+1) (Sj), 



a%(f)(hA...Af n ) = ^^eW/A/.(i)A...A/ ff( „), 

a 

where the sum runs over all permutations a of {1, and e(o~) is one if a is even 

and —1 if a is odd. In contrast to the boson case, a^(f) and a^(/) have bounded 
extensions on J-(Sj), which we still denote a^(f),a*^(f). They satisfy: 

IK(/)II = II4(/)H = ll/ll: (5-1) 

a%(f) = M/))*. (5.2) 
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Another important feature of the creation and annihilation operators is that they 
satisfy the canonical anti-commutation relations (CAR's): 

a«(/)««(s) + aa(g)asi(f) = 0, (5.3) 
a%(f)a%(g) + a%(g)a%(f) = 0, (5.4) 
a%(f) asi (g) + asi (g)a%(f) = (f,g)l. (5.5) 

The CAR algebra on f) is the C*-algebra U(Sj) generated by the identity and the 

o a (/), fefi. 

Let us now consider a situation where the classical fields obey the Schrodinger 
type equation (H selfadjoint on 

= my. 

A gauge invariant quasi-free state u onW(^) satisfies the (0, /u)-KMS condition, < 0, 
if it is characterized by the two point function 

w(aS(/)a fl (/)) = (zef m (l + zef m )-\f,g), 

where z is the activity given by z — e^. This state is a model for the ideal Fermi gas 
with temperature < T = 0~ x and chemical potential fi- 
lm the case of charged spinor fields we have to consider both kinds of fermions, 
the particles and the antiparticles. The space of the classical charged spinor fields is 
given by a complex Hilbert space Sj together with an anti-unitary operator T on Sj 
(the charge conjugation). We assume f) is split into two orthogonal subspaces : 

sj = s + e£-. 

We define the one particle space: 

&+ =£+ 

and the one antiparticle space 

f)_ = TjJ_. 

The space of n particles and m antiparticles is given by the tensor product of the 
previous spaces: 

jr(n, m ) := jr(™)(f, + )<g)jr(™)(f,_). 
The Dirac- Fermi- Fock space is given by : 

oo 

F{Sj) := F {n < m) . 

n,m=0 

We will denote the elements * of by sequences 

tf = (* ( "' ro) )„, m£N , * ( "' m) G J* n > m \ 
the vacuum vector is the vector VL vac defined by 

fi<°> c °> = 1, (n, m) ^ (0, 0) fi(" a f) = 0. 
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For <j>± e f)± we define the particle annihilation operator, a(<p + ), the particle creation 
operator, a* (</>+), the antiparticle annihilation operator, 6(0_), and the antiparticle 

creation operator, b* ((£_), by putting for * ( f ™ ) <g> *L m) € jF("' m ): 

a(0 + )(*+° ® - (a 6+ (0 + )(*+°)) ® G .F^ 1 '™), (5.6) 

a*(0+)(*^ n) <8> * M ) - (a^+X*^)) ® ^> {m) G (5.7) 

6(0-)(^ n) ® = ® (b^-X*-" )) G (5.8) 

6*(0_)(* ( ; i) ® *L m) ) - ® WL OM (* M )) e .F (ll < m+1) . (5.9) 

All these operators have bounded extensions on and satisfy the CAR's. The 

main object of the theory is the quantized Dirac field operator '5: 

/ g£ ~ *(/) := o(n+/) + 6*(xn_/) g C(r(z)), 

where we have denoted by H± the orthogonal projector from 9) to Sj±. The mapping 
/ i ^ ^(/) is antilinear and bounded: 

ll*(/)ll = 11/11- (5-10) 
Its adjoint denoted by **(/) is given by 

**(/) = a*(n+/) + KTn_/) (5.ii) 

and the CAR's are satisfied: 

*(/)*($) + *(<?)*(/) = 0, (5.12) 
**(/)**(<;) + **(«/)**(/) = 0, (5.13) 
**(/)*00 + *($)**(/) = (/,»>!■ (5-14) 

The Fie/d Algebra is the C*-algebra generated by 1 and the ^(/), / G .ft- If we take 
/ only in £)+(-) we get a subalgebra isometric to W(f) + (_)). The vacuum state oj vac 
is defined by 

i kA, ac (-A) : — (^taci ^mc)i (5.15) 

or by the two point function: 

w*ac(**(/)*00) = (n_/,n_ fl ). (5.16) 

Now assume that the classical fields satisfy a Dirac type equation : 

fit* = iH<$, 

where H is selfadjoint on Sj and leaves invariant. Then 

H+ := H\ h+ , H~ := -Tifls.T" 1 , (5.17) 

are respectively selfadjoint on f) + and h_, and the classical fields of one particle, <f> + , 
and of one antiparticle, <f>-, are solutions to a Schrodinger type equation on !)+(-) : 

a t £ H _ ) = iir + <-V +( _ ) . (5.i8) 
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A usual splitting of fj is the choice 



L (-oc,0) 



(H), Si-=l l0iOo) (H) 



(5.19) 



We say that a state on U(Sj) satisfies the (/3, /x)-KMS condition, < (3 if it is 
characterized by the two-point function 



(5.20) 



We want to apply this procedure to several states at time t = and in the future. We 
first describe the quantization at time t = 0. Let ij = 7io, if = i^o- We will emphasize 
the importance of the charge of the field by denoting the hamiltonian Ho = Hq (q) . A 
charge conjugation for Ho(q) is given by : 



T<f> = Ut4> with Ut = 7 



/ 1 ^ 

0-10 

10 

\ -1 ) 



We note that H~ = Ho(—q) and that ip = T<f> satisfies the boundary condition (I4.68P 
if <j> satisfies it. 

As we do not know whether Ho has the eigenvalue or not, there is a slight 
ambiguity in the definition of particles and antiparticles. We will put: 



(n + ,II_) — (l(-oo,o)(#o)) l[o )0 o)(-f?o))i 



(5.21) 



but the choice (l(_oo,o] (Ho), l(o,oo) (Ho)) would also have been possible. We denote 
the quantum field at time t = constructed in the previous way. We define the 
Boulware quantum state loo on the field algebra lA(TLo) as the vacuum state 

&o e Ho wo(*5(*S)*o(*g)) = (n_^,n_^). 

At time t = oo we will take 

9)=H, (5.22) 

H the Dirac hamiltonian in the Kerr-Newman space-time and the same charge con- 
jugation. We put 



(n+,n_) = (i ( _ 00i0 j(i0,i[o,oo)(i0). 



(5.23) 



The fields obtained in this way are denoted ^f(f). From this we obtain the definitions 
of vacuum and KMS states with respect to H. 



5.2 Quantization in a globally hyperbolic space-time 

Following J. Dimock [T7] we construct the local algebra of observables in the space- 
time outside the collapsing star. This construction does not depend on the choice of 
the representation of the CAR's, or on the spin structure of the Dirac field, or on 
the choice of the hypersurface. In particular we can consider the Fermi-Dirac-Fock 
representation and the following foliation of our space-time (see Section [3.21) : 

M col = |J £ t coi , Ef 1 = {(t, r,6,<p);r> z(t, 9)}. 
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We construct the Dirac field "Jo and the C* -algebra U(Ho) as explained in Section 
15.11 We define the operator: 

S col : $ S (C^(M co i)) 4 i ^ S col <S> := y U(Q,t)$(t)dt e W , (5.24) 



where U(0,t) is the propagator defined in Proposition ^. 51 The quantum spin field is 
defined by : 

* co / : $ € (C °°(X coi )) 4 *coi($) := *o(S co /$) € £(«o) 

and for an arbitrary set O C M co i, we introduce U co i(0), the C*-algebra generated 
by '/ , co/( $ i)*co/(« > 2), supp$j cO,j = 1,2. Eventually, we have: 



U col {M co i) = (J Z4 O ,(0). 

OCM coi 

Then we define the fundamental state on U co i(A4 co i) as follows: 

Let us now consider the future black-hole. We consider the space-time M.bh with 
the Dirac hamiltonian if for a field with one particle. Let \I/(<I>) be the Dirac field as 
constructed in Section 15.11 and 



S : $ e {C^{Mbh)T <S$ := ^ e - itff $(i)di. 
We also introduce : 

: $ e {C^{Mbh)Y ^ *m($) := 

and the C*-algebra generated by ($i)#W$ 2 ), *i' $ 2 € (C^(O)) 4 , 

OcA^ ■ As before we put 



Ubh(M B h) = |J 



We also define the thermal Hawking state: 



"£L(*W*i)*b/K* 2 )) = (^(l + zxe^)- 1 ^!^^ 

J KMS 



=■■ u>Tms(**(S*MS<!> 2 )) (5.25) 



with 

T Haw = c" 1 , /Lt = e ar >, a > 0, 

where Tuaw is the Hawking temperature and is the chemical potential. We will 
also need a vacuum state which is given by : 

^ac(*W( $ l)*Sff(</> 2 )) = (1 [0,oo) 
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5.3 The Hawking effect 

In this section we formulate the main result of this paper. Let $ S (C^° (Mcoi)) 4 . We 
put 

$ T (i,f,w) = <f>(t-T,r,u). (5.26) 
Theorem 5.1 (Hawking effect). Let 

$j 6 (C °°(X co; )) 4 ,J = l,2. 



TTien we have 



!im WmI ($;,($^ mi (^)) 



T 

T),(7 



+ ^ oc (^ if (l K -(P-)$ 1 )* BJ? (l K -(p-)$ 2 )), (5.27) 
T ffaw = I/a = K+ /27r, M = e -n )??= ^+ +-^-. (5.28) 

In the above theorem P^ is the asymptotic velocity introduced in Chapter U] The 
projections 1r±(P ± ) separate outgoing and incoming solutions. 

Remark 5.1. The result is independent of the choices of coordinate system and tetrad, 
i.e. both sides of \5.2 r (ty are independent of these choices. Indeed a change of coordi- 
nate system or a change of tetrad is equivalent to a conjugation of the operators by 
a unitary transformation. We also note that the result is independent of the chiral 
angle v in the boundary condition. Let 

S^<p = J e- itH -<j)(t)dt. 

It is easy to check : 

= ( / *e aff< -(i + e ,Tir< -)- 1 5 < _n-«^i 11 s < _n-^2). 

We define in an analogous way to >SV_ using the Dollard modified dynamics : 

S^4> = { U D {-t)<t>{t)dt. 



We find : 

a; t)ac (^ H (l K -(p-)0 1 )f M (l M -(p-)<^ 2 ) = (l [o , <x ,j(ZU)S^fi-0i J S^fi-&). 

In particular our result coincides with the result of Melnyk (see \31^ ) in the case of i 
Reissner- Nordstrom black-hole. 



Chapter 6 

Additional scattering results 



In this chapter we state some scattering results that we shall need in what follows. 

6.1 Spin weighted spherical harmonics 

We will now introduce spin weighted spherical harmonics Y^ n (for a complete defi- 

i 



nition, see e.g. [39]). For each spinorial weight s, 2s € Z, the family {Y^ n (ip 



inip l 

the following relations 

du{„ n — s cos 

U 



(0); I - \s\ £ N, Z - |n| € N } forms a Hilbert basis of L 2 (S 2 ,dw) and we have 



l sn = -i[(i+m-s+i)} 1/2 u i s _ hn 



dO sin t 

du{„ n — s cos ( 



"df + sing tt ^ = ~* [{l + S + 1 W- s )l • 
We define <g>4 as the following operation between two vectors of C 4 

Vl> = (V1,V 2 , V a ,V±), U = (ui,U2,U 3 ,Ui), V®iU= (u 1 Vi,U 2 V 2 ,U 3 V 3l U4V4,). 

Since the families 

{Yl n ;(n,l)el}, {Yi hn ;(n,l)€l}, 1 = {(n, l)/l- \ G N, I - \n\ e N} 

form a Hilbert basis of L 2 (S 2 , doj), we express as a direct sum 

H« = ® (n j )eI H: 1 , H? = L 2 ((R; dr,) ; C 4 ) ® 4 Y nh 
Y n i = (Y\ .Yl ,Y l j ,Yi Z ). 

We shall henceforth identify and L 2 ((R; dr) ; C 4 ) as well as ip n i £3>4 ^ni and -i/v, 
We see that 

% = (S„i^ 1 with := T 1 ^ + a (n)T 2 (l + 1/2) + b (r*)T v + c n . 
In a similar way we find the decompositions: 

Ph = ®(n,i)ez^> P_ = ©KOeiI^- 
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Note that the operator PJ™' is selfadjoint on H nl with domain (7J 1 (M)) 4 18)4 Y n \. This 
leads to a useful characterization of the domain DQff) (seeJTl]) : 



Hi = D(p) = D(pJ = = ^u nl ; Vn,Zu n ; G H X (R), ^ M l u nl \\ 2 < 00}. 



Remark 6.1. Note that n G Z + 1/2. Indeed we are working with quantities of spin 
weight 1/2. Smc/i quantities are multiplied by e lip / 2 under rotation of angle (p. In 
particular Y{ n are not smooth on S 2 , but they are smooth on [0, 2tt] v x [0, ir] g . Using 
the axial symmetry of our equations we will often fix the angular momentum D v = n. 
When we do so we will always suppose n G Z + 1/2. 

6.2 Velocity estimates 

We start with the maximal velocity estimate : 

Lemma 6.1. Let J G C^°(E), suppJ C ] - 00, -1 - e] U [1 + e, oo[ for some e > 0. 
Then we have : 

(i) f~||j(£)e^|| 2 f <P| 2 , 
(it) s - lim^ ±DO J (f) e ltH = 0. 

The lemma can be easily deduced from the equivalent statement for the dynamics 
13 in [14, Proposition 4.4]. The minimal velocity estimate is given by the following 
lemma : 

Lemma 6.2. Let \ £ C^°(R) such that suppx Cl \ {— m,m}. Then there exists a 
strictly positive constant e x such that we have : 



Furthermore 

„itH. 



The lemma follows from [Ml Proposition 4.3]. The change of variables and tetrads 
is treated in the usual way. It turns out that we need a stronger minimal velocity 
estimate near the horizon : 

Lemma 6.3. Let m G C(R+), < e < 1, lim^oo m(f) = 00, < m(\t\) < e\t\ for all 
\t\ > 1. Then 



s -^^H^wr" lRT(p±H0 - (fU) 

An analogous result holds if we replace e ltH l^(P ± ) by e itH ^ . 
Proof. 

By the asymptotic completeness result and a density argument it is sufficient to 
show: 

V/ G (Cg-CR x s - t lim l Pil] ( W ^ M ) e«*~f = 0. (6.2) 
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Let supp/ C [Ri,R 2 ] x S 2 . We define = ^D?. Using [fT_, -^r^-g^] = 
we see that it is sufficient to show : 



lim 1 

t — >±oo 



[0,1] 



e ltH ^f = 0. 



We only treat the case t — ► 00, the case * 
(e^/)(f,u,) = 



1*1 -"»(!*!), 

-00 being analogous. We have 



/ /i(f + t,w) \ 
fa(f-t,u) 



On supp 



2.:», 



we have for * > — i?i 



t — m(t) > \f\ > t + Ri, which is impossible for * sufficiently large. 



In the same way we find on supp I lp.i 



III 



\t\-m(t) 



/ for * > R 2 



t — m(t) > \f \ > t — i?2, which is impossible for * sufficiently large. 
Thus for * sufficiently large we have: 

If I 



40,1] 



|*| -m[t) 



JtH^ 



f = o. 



□ 



6.3 Wave operators 

We shall need a characterization of the wave operators in terms of cut-off functions. 
Let J G C°°(R) s.t. 

3b,ceR,Q<b<c J(f) = | I :< b c (6.3) 

Proposition 6.1. 



wt 


= s — 


lim e~ itH (l- J)U D (t), 

t — »±oo 


(it 


= s — 


lim U D (-t)(l - J)e itH 

t— »±oo 


wt 


— s — 


lim e- UH Je UH -, 






t— *±O0 


at 


— s — 


lim e- UH -Je ltH . 

t — *±oo 



We refer to [29] for the link between the wave operators in terms of cut-off functions 
and the wave operators using the asymptotic velocity. The operator IZ) is a short range 
perturbation of lf) 5 . More precisely we have the following (P31 Theorem 5.1]): 

Proposition 6.2. The wave operators 

Wt = s- lim e -«* e «fc, 

(if = s- lim e-^-e** 

t— >±oo 
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exist and we have: 

We define S P (R) as a subspace of C°°(R) by : 



/ S 5"(R) oVaeM |/ (q) (^)I < C Q (a;) p - Q , (x) := Vl+^- 
We shall need (see [HI Corollary 3.2]): 
Lemma 6.4. (t) Let x € S°(R). Traen 

(X(P) - *(&))CP+ t) _1 « compact. 

(ii) //xeC °°(R) 7 tiien 

(p- PJx(P), (p- %M%) are compact. 
Lemma 6.5. The following wave operator exists: 

W£:=a- lim e - itHo (l- J)e ltH . 

t— >±oo 

Furthermore we have 

W^l [0 ,oo)(H) = l [03Oo) (H )W^, (6.4) 
V/eW||W ± /|| = ||l R± (P ± )/||. (6.5) 

Proof. 

We only treat the case t — > oo, the case t — > — oo being analogous. By a density 
argument it is sufficient to show for \ € Co°(R), suppx C R \ {— m, m} the existence 
of 

s - lim e- UH «(l - J)e ltH X (H). 

t — >oo 

Let e x as in Lemma IB31 Let J G Cq°(R), Jo > 0, suppJo C (^, i + 2e x ), J = 1 on 
1 + e x ]. We first show that 

s - lim e" l * Ho (i - J)e ltH X (H) = s - lim er ltHa J Q ( -\ e ltH X {H) (6.6) 

t — >oo t — *-oo \ t / 

if the R.H.S. exists. For this purpose let Jo, J± be a partition of unity with J± > 0, 
suppj_ C (— oo, suppJ+ C (1 + e x ,oo), J_ + Jo + J+ = 1. We have 

s - lim e- ltHo {l - J) J+ ( -) e UH X (H) = 

t^ — oo V t / 

by Lemma 16.11 We write J_ = Jl + J 2 , where Ji , > and J^ equals one in a 
small neighborhood of —1 and is supported in a slightly larger neighborhood / of — 1. 
We have 

s - lim e- ltHo (l - J)Jl ( - ] e itH X (H) = 

t— >oo \t J 

by the maximal and minimal velocity estimates. Obviously we have for I sufficiently 
small and t sufficiently large : 

e- ltHo {l - J)J 2 _ f - J e ltH X {H) = 0. 
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Let 

In 



Clearly 

r \ If 



(l-J)(r)l [¥ll+ e x ]^J= 1 [^i +exJV/ 
for i sufficiently large and 

a - lim e-« ff «(l - J),]] (~) e ltH X (H) = 

by the maximal and minimal velocity estimates. Again by the maximal and minimal 
velocity estimates we obtain (|6.6p : 

s ~ }^ e ~ itH ° 1 ^A + e x] (") e itH X (H) = s Mme- itff »J„ (0 e«" X (fl). 
It remains to show that the limit on the R.H.S. of (|6.6p exists : 

j t e- itH "J (?j^ H X (H) = e-^>(H Q J Q (?)~J (?)Hy tH X (H) 



t J t 

and this last expression is intcgrablc in t by the maximal and minimal velocity esti- 
mates. Let us now prove (|6 .4[) . Let \n & Co°(K) with 

r n _ / 1 0<x<n, 
XnW ~\ x<~i x>n+l 

We have 

Xn(H) = J e- UH Xn (t)dt, 

where Xn stands for the Fourier transform of X n- Using W^e~ ltH = e~ itH °WQ we 
see that 

W±Xn(H)=Xn(H )W±. (6.7) 

Taking the strong limit in (|6.7p gives (|6.4p . Let us now prove (|6.5[) . By a density 
argument we see that it is sufficient to establish (|6.5p for x(H)f, x € Crj°(K), suppx C 
K \ { — 77i, m}. But by (|6.6p we see that 

ll^o + x(#)/ll - lim \\e- UH °Jo(^)e* tH x(H)f\\ 
t—>oo y t j 

= \\MP+)x(H)f\\ = \\l R+ (P+)x(H)f\\, 
where we have used the minimal and maximal velocity estimates. □ 
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6.4 Regularity results 

We first need a result on supply /: 
Lemma 6.6. We have 

l(-oo,fl)(r)fi-l [i?)0o) (f) = G VR. (6.8) 

Proof. 

We have : 

fi- = s- lim e- %tH -Je ztH , 

It follows 

0"=s- lim e- UH ^P H+ Je ltH . (6.9) 

£ — > — oo 

Let /sH, supp/ C [-R, oo) x S* 2 . By the finite propagation speed we have for t < : 

suppe" H / c [R + t,oo) x S 2 . 

Therefore : 

suppe- itH ^P n +J^ tH f C [R,oo) x S 2 . (6.10) 

The equations ()6.9|) . ()6.10p prove the lemma. □ 
For fi^l we need the convergence in iJ 1 (R; (L 2 (5 2 )) 4 ): 

Lemma 6.7. We have for all f £ Ti 1 : 

4 hm o ||J(f)e ltff /-e' itff -^-/|| (ffl(R;(L 2 (s2)) 4 ) =0. (6.11) 

Proof. 

The wave operators acting on TL^ will be denoted with a tilde. By conjugation 
with VIA we obtain wave operators acting on TI, e.g. 

QJ = VUQ.-WV* = s- lim e - itH 'e itH 

t — > — oo 

with H s = VU%U*V*. We note that 

VU : Hi -> H 1 ; VU : ff x (R r , ; (L 2 (S 2 )) 4 ) -» iT^R*.; (L 2 (S 2 )) 4 ), 
W*V* : H 1 Wj; ^*V* : Jf 1 ^; (£ 2 (S 2 )) 4 ) tf 1 ^,; (L 2 (S 2 )) 4 ) 

are continuous. This follows from the definition of the spaces Ti. , and from the 
estimate < £ < k' < 1. We show: 

VfeHl lim ||e^/-e^f2-/|| wl =0, (6.12) 

V/eK 1 t iu^||J(f(r*,e))e <t ^/-e^«f2^ B /|| ffl(K;(L2(S 2 )) 4 ) =0, (6.13) 

t \imJ\e UHH l M+ (P H )f - e ttH -il H ^f\\ ( m(R;(L^s^) = 0, (6.14) 
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where 

Q Hs = a- lim e-^e^l.+ lP,"), 

' £— >■ — OO 

P" = s-Coo- lim e -«P.!* e «P., 

t^ — oo f 

P H = VU%U*V*, 
il H ^_ = s- lim e- 4 * H -e^l R+ (P ff ), 

P w = s-Coo- lim e -itH„ljtH H 

We refer to [13] for the existence of fi^ , PT 0. The existence of P^ follows from 
the existence of 

Pp = a - Coo ~ lim e-*** — 

and the existence of ^_ follows from the existence of Wjr (see proof of Theorem 
l4~2jl . Let us first argue that ([6T2| - ([6~T4| imply (|6TTT]) . Let 

fi~ = s- Urn e- l * ff "e itH l R+ (p-). 

i — > — oo 

The existence of follows from the existence of fljj (see proof of Theorem l4.2p . We 
have : 

\\(J(f)e itH - e^fi" )f\\ mmLHS , m 
< \\J{f)(e ltH - e^0-)/|U 1(K . (i2(s2))4) 
+ \\(J(r)e itH -Sl; - e ltH -n H )f\\ HlmL 2 {s2))i) 
+ ||(e^«^-e^0-)/|| ffl(R . (L2(s2))4) =:h + h+h. 

We first estimate I x . We have, thanks to (|4.41|) and (|6.12| : 

j x < ||( e ^- e ^^-)V*W*/IU 1( K;(L 2 (s 2 )n 
< ||( e ^_ e ^o-) V *W*/lk^0,t^-oo. 

In order to estimate I2 we observe that ClJ : Hi — ► and that Cl~^(Ctj)* — fl^ . 
We obtain using (|6.13|) : 

^ < ||(J(f(r st; 0)) e ' it ' 3 ^--e lt ^^)V*W*/llH 1 ( R ;(^(^)) 4 ) 

= ||(J(f(n,0)) e ^ -e^n^fi-VW/llH^CL-C^OT-^O, *->-«>. 

We now estimate J 3 . We observe that L>(P#) = P 1 ^; (i 2 ^ 2 )) 4 ) and tnat the g ra P h 
norm of Hjj is equivalent to the norm of P 1 (R; (L 2 (S 2 )) A ) . This entails Sl^/ G 
P 1 (M;(i 2 (S' 2 )) 4 ). Observe also that 

^ ^\ J J ^ J J m 

We obtain using (|6.14jl : 

I 3 = \\(e UHH l R+ (P H ) - e UH -n H ^)n H f\\ mmL 2 {S 2 )}i) - 0, t-> -oo. 

Note that JZ> S can be understood as the Dirac operator in a " Reissner-Nordstrom type" space- 
time, see 1141 for details. 
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The proof of (|6. 13|) is analogous to the proof of [371 Lemma 0.3] and we therefore 
omit it. 

Let us show (|6.12p . Using the uniform estimates 

l|e^/lk<||/lkand||e^/||Hi<||/||«i 
we argue that we can replace / by xQ3)/, x £ Co°(R). We then write: 
W t?> _ e «P.fi-) x (p)/ = ( e «P - e^O-)^(p)/ + (p, - pMpJe^-Oj/. 

When t — > — oo the first term goes to zero by Proposition 10.21 and the second term 
goes to zero because (p — p)x(P a ) is compact by Lemma 15^1 (m). 

Let us show (|0.14[) . By a density argument we can replace / by x(-ffff)/ with 
X G Cg°(K). Then we have : 

H^{e HH »l R+ {P H ) - e« H -fi^)x(Jf ff )/ 
= (H^ - H H ) X (H H y tH »l R+ (P H )f 

+ (e* H »l M+ (P H )-e ltH -n H ^)H H x(H H )f. (0.15) 

The second term in (|6.15[) goes to zero by definition of fi^ ^_ . In order to show that 
the first term in (|6 . 1 5[) goes to zero it is sufficient to show 

(JZt - p H )x(P H )e lt ^l R+ (P„)f - 0, t -> -oo. 

We have : 

HOZL - P H )x(P H y tV> «lR + (PH)f\\n, < \\rn(n)P H x(p H )e^l R+ (P H )f\\n, (6.16) 

with 771(7%) — * 0, |r*| — > 00. We then use the spherical symmetry of the expression on 
the R.H.S of ()6.16p and the fact that ro(r*)p^xCP5y) is compact on H™' to conclude 
that the R.H.S. of (|6.16j) goes to zero when t — > —00. □ 



Chapter 7 

The characteristic Cauchy 
problem 



The aim of this chapter is to solve a characteristic Cauchy problem in a space-time 
region near the collapsing star. The results of this chapter will be used later in the 
proof of the main theorem. We start by studying a characteristic Cauchy problem for 
the Dirac equation in the whole exterior Kerr-Newman space-time. In Section [7. II we 
formulate the main result of this chapter. Section [TT^l is devoted to the usual Cauchy 
problem with data on a lipschitz space-like surface. The main theorem is proven in 
Section 17.31 In Section 17.41 we use these results to solve the characteristic Cauchy 
problem near the collapsing star. Our strategy is similar to that of Hormander in [31j 
for the characteristic Cauchy problem for the wave equation (see also [41] for weaker 
assumptions on the metric). A characteristic Cauchy problem for the Dirac equation 
has been considered in [35] in a somewhat different setting. 



7.1 Main results 



Let (see Figure I7.1[) 



A± 
K T 



We need the spaces 
7Y— '.= 

Lrp '. = 



L 



{(±r,f,uj); < ±f < T, lu G 5 2 },A t := A+ U A T , 
{(t,f,u);\f\<T, \f\<t<T, ueS 2 }, 
{(T,f,w); \f\<T, coeS 2 }. 



L 2 ({[-T,T] x S 2 ,dfduj);C 4 ), 
{ueH T ; ff«eWr},IM|^i i = ||u||^ !r 
L 2 (([-T,0] x S 2 ,dfduj);C 2 ), 
L 2 ({[Q,T] x S 2 ,dfduj);C 2 ). 



\Hu\\ 2 Ht , 



Let $t G C°° (£t;SU © S" 4 )■ By the usual theorems for hyperbolic equations we 
can associate to $t a smooth solution (f>A ® X A € C°°(Kt;§>a © § A ) (see [3D] for 
details). We use the l a ,n a ,m a tetrad and the (t,f,u) coordinate system. Let \& = 

\/ ( r 2 P ^^ 7p2 (0o i <fii,Xi'i ~Xo') be the associated density spinor. The spinor fields 
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Figure 7.1: The characteristic Cauchy problem 

o A and t" 4 are smooth and non vanishing on A^, therefore we can associate to this 
solution the smooth trace of ^ : 

T : $ T H+(# 2) *3)(-^r,w)e(*i,*4)(r,*Sw) 
€ C°°([-T,0] x S 2 ;C 2 )fflr([0,T] x S 2 ;C 2 ). 

Using the conserved current we obtain by Stokes' theorem : 



*(ct)A(t>A>dx AA ' +XAXA>dx AA ') = I *(<p A (f> A/ dx AA ' +XAXA'dx AA ) (7.1) 

Et J At 



Let <£>(f) = |f|. The normal to A T is n a 7 the normal to Aj is l a . We compute : 

(l a d a Jdfl)\ A + = {n a d a Jdn)\ A - : 
Following (|47T5|) we find : 



2p 2 Aa 2 



df A dw. 



(r 2 + a 2 ) 2 k' 2 

*(<pA$A'dx AA ' + X AXA'dx AA ') 
= y/2 f f (\V 2 \ 2 + \V 3 \ 2 )(-r,r,u;)drdw 

J-T JS 2 

+ y/2 [ [ (|*i| 2 + |* 4 | a )(f,f,a;)dfdw, 
where * = *3, ^i)- It follows : 

*{(/)A0A>dx AA ' + X AXA'dx AA ') 

= y/2 I [ (\* 2 \ 2 + \t> 3 \ 2 )(-r,f,Lo)drdu J 

J-T JS 2 

+ V2 [ [ (\V 1 \ 2 + \y 4 \ 2 )(r,f,u;)dr(L>. 
Jo Js 2 

Therefore the operator T possesses an extension to a bounded operator 

T e£(L 2 (E T ;S A ®S A 'y,L 2 ([-T,0] x S 2 ;C 2 )fflL 2 ([0,T] x 5 2 ;C 2 )). 
Our first result is 



(7.2) 



(7.3) 



7.1. MAIN RESULTS 
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Theorem 7.1. -b^T is an isometry. 

The proof of the theorem will be given in Section 17.31 

The characteristic data T{<&t) contains information only about <j>i,Xi> ° n A-t an d 
<A), Xo' on Aj,. The functions <fo, Xo' on resp. <f>i, \v ° n A t are obtained from the 
given data by restriction of the equation to A^. On A^ we have (see (|4.8jl ) : 

n a (d a - iqQ^o - m a (d a - ig$ a )^i + l)4>v + (r - /3)0i = 1 
n a (<9 a - ig$a)xo' - m a (<9 a - ig* a )xi' + (m - 7)Xo' + (r- /3)xi' = J 

where <p\,xv have to be considered as source terms. Putting g(f,tu) = ^(—r,f,u)), 
g(f, u>) = ^{f, r, uj) we find : 



-D f g 1A = {{P u + W)g) 1A , 
0i,4(O,a;) = 51,4(0, w), 

= ((^ + V^) 5 ) 2 , 3 , 
§2,3(0,0;) = Sf2,3(0,w). 



(7.4) 
(7.5) 



Here , W are defined in (|4.39|) , (|4.40p . We understand f as a time parameter which 
goes from to —T for (|7~4"]) and from to T for 1(73]) . We write 1(713)1 as 



with 

A(r) 



dfgiA = iA(f)gi A + S(f), 
51,4(0, ui) = 51,4(0,0;) 



Wn W14 

2 ' 1 W41 W44 



(7.0) 



me agh 2 ( -1 \ / W12 W 13 \\( 52 
2 + sin0 M 1 J + I W42 W 43 J J I 53 



We want to show that (|7.0p has a unique solution and to this purpose we must analyze 
A(f). We have : 

We want to show that the operator 

cot 6 

d e :=D e + 



2i 



is selfadjoint with some suitable domain. To this purpose we introduce the following 
unitary transformation : 

. L 2 (S 2 ,duj) -> L 2 (S 2 ,d0d<p) 
u(9,ip) h- ► u(0, < / 9)Vsin 0. 

Clearly 

which is selfadjoint on L 2 {S 2 , d9dtp) with domain 

£>(£> e ) = {«£ L 2 {S 2 ,d9dip); D g u e L 2 {S 2 ,d9dip),u{0, .) = u(tt, .)}. 
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Then dg is selfadjoint with domain D(dg) = U*D(Dg). It is easy to check that 
f i— ► A(f)v is continuously differentiable for v G Y := (D(dg)) 2 . We can apply [4151 
Theorem 5.4.8] and associate a unitary evolution system V(f, f'). For smooth <?2,3, <7i,4 
we have 5(f) G C([-T,0];Y) and g(0,w) G F. By 03 Theorem 5.5.2] {EBJ possesses 
a unique Y- valued solution given by : 

g 1A (f, u) = V(f, 0)31,4(0, u)+ f V(f, f')S{f')df'. (7.7) 



For given 52,3, <?i,4 we define 51,4, 52,3 as the solutions of the partial differential equa- 
tions ([73]), (I73| and put : 

feV f ' w ) : = ^(-^2,3 + ((P w + W) 5 ) 2>3 ), (7.8) 

^(^w) := i(^5i,4 + ((^ + ^)5)i, 4 )- (7-9) 

As <?i,4 is a Y"- valued solution we have (the argument for (72,3 is analogous): 

92,3 G £ 2 (([-T,0] x S 2 ,dfdw);C 2 ), ,gf 4 G L 2 (([0,T] x S 2 , df duj); C 2 ). 

We define H 1 as the completion of C°°([- T, 0] x S 2 ; C 2 ) eC°°([0, T] x S* 2 ; C 2 ) in the 
norm : 

11(32,3,51,4)111, = 2(\\92,s\\\_ + \\9iA\li + + llff&ll!?, _ + \\9?a\\1>J- (7-10) 

We now start with G C°°(St;C 4 ). Then we can associate a classical solution 
# G C°°(# r ;C 4 ) and the traces 

fl2,3(r,w) = *2,3(-^,^,w), -T < f < and gi^f, w) = *i,4(f , f, w), < f < T 

are well defined. By the previous discussion 

ffi,4 = *i,4(-r,f, u), -T < f < and 52,3^, w) = * 2 , 3 (f, f , w), < r < T 

are solutions of equations (|7.4p , (|7.5|) . As W is a solution of the Dirac equation, so is 
H^f G C°°(ATt;C 4 ). We want to calculate H^>\ A ± in terms of #2,3, <?i,4 an( i to this 
purpose we introduce characteristic coordinates : 

X = t-f \ ( t = *±Z 

r = t + f J I f - 



Then we have 



(H*) 2) 3 = (#x - £> r )* 2 , 3 + ((P w + W)*) 2 ,3 
= ^*2,3 + ^((^ + V^)*) 2 ,3 

(if*) 2 ,3(-r,f,w) = i(-Dffla,s + ((il,+W)5)2,3). 



In a similar manner we find 



(HV) 1A (r,r,Lu) = ~(D?g 1A + ((P u + W)g)i A ). 
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Using the identity (|7.3p we find : 

||^ T ||^ = 2(||^ 3 ||^_+||^ 4 ||^ + ) 

and therefore : 

11^11^ = 11(^3,51,4)111,. (7.11) 

This means that the trace operator 
T 



C°°(£ T ;C 4 ) -> C°°([-r,0] x S 2 ;C 2 )® C°°([0,T] x S 2 ;C 2 ) 



extends to a bounded operator 

T H G ClT-Op] H 1 ). 

Our second result is 

Theorem 7.2. 7# is an isometry. 

The proof of this theorem will be given in Section 17.31 

Remark 7.1. If € Wy, fAen £/ie irace (5 , 2,3(— r, f, w), ^i,4(f, f , w)) exists in the 
usual sense and it is in H 1 by \7.11\ ). This means that the operator Th is defined as 
the usual trace and that T is an extension of Th . 

7.2 The Cauchy problem with data on a lipschitz 
space-like hypersurface 

Let ip : [ — T v , T^,] — » K. be lipschitz continuous, — T v < — T, T v > T, 

\<p'(r)\ < a < 1 a.e. (7.12) 

Thanks to ()7.12p the hypersurface K v := {(ip(r),f,uj); \f\ < T„, uj G S 2 } is space-like. 
Indeed we have 

g(<p'(r)d t + d f ,ip'(r)d t + d f ) 

f, Q 2 - 2Mr \ , 2 _ p 2 A / Q 2 -2Afr \ _ p*A 

p 2 (r 2 + a 2 ) 2 k' 2 \ p 2 Ja 2 

a 2 sin 2 6(2Mr - Q 2 ) 2 



p 2 a 2 



<0, 



g(d v ,d v ) < 0, 3(5 9 ,9 )<O. 
Let for < t < T 



£f := {(i,^)e{(}x[-T„r t ,]xS 2 ;(>^)}, 



#| := (J E 



0<i<T 



Tlf := {fe(-T„T,);t>^)}. 
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We will suppose IZ^ = (— T v , T v ), ip(—T v ) — if(T v ) = T. We also define the spaces : 
7U, V = L 2 {{Y%,drdw);C% 

K<p = {«eWt,^^«eWt, v },INI^ = ||«||^ + ||ff«||^. 

The aim of this section is to solve the following Cauchy problem : 



*(tp(?),r,w) - 9(r,uj) {r,u)e[-T v ,T v ]xS 2 . 
We first define the space of data. For g e C°°([ — T v , T v \; C 4 ) we define : 
<?"(r,o/) 

:= [Diagi 1 - 1 - 1 1 - ) £> f ff ) (f,u) 

\ \ 1 + tpf I — iff 1 — iff 1 + (pr J J 

+ (Diag(-^,-^,-^,—^)(P u + W)g)(r,cj). 
\ \l + ip' I — iff l — ip'l + ip'J J 



(7.14) 



We define ff 4 as the completion of C°°([ - T v , T v ] x S 2 ; C 4 ) in the norm : 

\\9\\%i : = 11(1 - ^') 1/2 ff2,3|||2 (hT ^ T ^ ]x s2. C 2 ) 

xS 2 ;C 2 ) 

+ 11(1 + ( P') 1/2 9lA\\ 2 L2 i[ _ TvtT ^ xS 2. C 2 ) 

+ ll(l + ^) 1/2 (^)l,4||! 2([ _T„T,] xS 2 ;C 2 )- 

(7.15) 

Let * T e C°°(££; C 4 ) and * G C°°(K!£; C 4 ) be the associated solution of the Dirac 
equation. Then V(<p(r),r,w) <E -ff 4 ([ — T v , T v ]; (if°°(S 2 )) 4 ) and as in Section O we 
find using Stokes' theorem : 

\^\ 2 drduj 



T 

((1 - </) (|* 2 | 2 + |^ 3 | 2 ) + (1 + <p') (|*i| 2 + |* 4 | 4 )) (<p(?),f t w)drdu>. 

s 2 



(7.16) 



We want to estimate J^jt f s2 \H^/\ 2 dfduj. To this purpose we introduce a sequence 
of smooth functions ip e : [ — T*,T 2 ] — > R s.t. 

[~T V ,T V ] C [~T^,T 2 J, 

|^(f)| < S<1, 

^ -> y> i°°([-T^r v ]), 

</?' e -> a.e. [ — T v , T v ], 

<Pe(f) < <P(f) W e [ — T v , T v ], (7.17) 

p e (-T*J = T = tp e (T 2 J. 

This approximation can be achieved by convolution with smooth functions (see [31\ 
Lemma 3]). Note that we may have to replace the approximation by ip e — \tp — ip^L^ 
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to achieve (|7.17|) . In order to compute (H^S/)(ip e (f), f, us) we introduce the following 
change of variables : 



T = t-ip e (f), 
X — f 



d t = d T ; df = d x - <p' e (r)d T 



We have 

dt® = iH^ 

^a r * = (i + rV^ 1 (r 1 9 I * + J (p u + M / )*). (7.18) 

Using (|7.18|) we calculate : 

H ^ = Dia 9 (t^T'-t^'-t^-T'T^t) d ^ 

+ Diag(-^,-^,—^,—}- 7 )(P w + W)y 
Putting g e (f,us) = ^(ip e (f), f, us) we hnd : 

=: flf. (7.19) 
Using Stokes' theorem we obtain : 



-T,i Js 2 



.1 ~ t Pe) 1 ^ 2 (5f)2,3|lL 2 ([-Ti e ,T2JxS 2 ;C 2 ) 
+ ||(l + ^) 1/2 (5f)l,4||i 2(hT i e ,T 2 JxS 2 ;C 2 )- (7-20) 



Using — ► T v , j = 1, 2 as well as the fact that VP is smooth we can take the limit 
in ([7~2"U)) and find : 



\HV\ 2 drdus = ||(1-^) 1/2 «)2, 3 ||! 2 ([ _T„T,]X5 2 ;C 2 ) 

+ \\a + vT /2 (9")iA\\h {[ -T v ,T^s^y (7-21) 
Putting (|7TTS|) and (|7~2"Tj) together we find : 

=Hsll|i. (7-22) 
The equality (|7.22p shows that the trace operator 

* T e C°°(££;C 4 ) ^ *(^(f),7» 
possesses an extension to a bounded operator 

t e H*). 

The result of this section is : 
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Theorem 7.3. T is an isometry. 
Proof. 

Because of (|7.22[) we only need to prove surjectivity. We have to construct for 
g £ Hz, a solution of 

ft* = iHV, 1 3 
#(<p(r),r,a;) = #(f,cj). J 

We first suppose g <E C°°([ — T v , T v ] xS 2 ;C 2 ) and consider the approximate problem : 

ft* £ = iH^, 1 
* e (99 e (f),r,w) = g(r,w), J v ' ; 

where tp e is as before and g(f, u>) is identified with a smooth extension on [— T* e , T 2 J x 
S" 2 . As ^ e is smooth it is well known that (|7.24p possesses a smooth solution and we 
have the estimate : 

Pll^ <P e H^ =115111, ■ (7-25) 

Similar estimates hold on Ti\ v , min<£ < t < T = maxcp. As the R.H.S. of (|7.25[) is 
uniformly bounded we find uniform bounds (here we also use tp e < tp) : 

||* e ||( H1 (^))4<l, ||* e ||^<l. 

We can therefore extract a subsequence which we denote again \l/ e s.t. 

* £ ^* (ij 1 ^)) 4 , 

The limit '3/ is a solution of the Dirac equation. We have to check that \t(y?(r), f, w) = 
g(f,uj). To this aim we estimate for e small : 

T " • 

^> t ((p(f),r,uj) - g(r,Ld)\ 2 dfduj 



T v JS 2 



/ -\ 2 

fin 

ft# e (i,f,u;) dtdfduj 

T_ ->S- J if, (f) 



< [ " f r n \d t ^ e {t,f,Lu)\ 2 dt\^{f)-^(f)\drdio 

J-T v JS 2 JfAf) 

< \<p-<p e \ L *o / / \H^ e (t,r,uj)\ 2 dfdu)dt 

i| min V J-T v JS 2 

< \if e - <p\L~\\H^\\ 2 nT ^ < \<p e - <p\ L ~ -> 0, e -> 0. 

Here we have used the Cauchy-Schwarz inequality. On the other hand we know that 



7.3. PROOF OF THEOREMS ?? AND ?? 
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It follows that $>(ip(r),r,u)) = g(f,u). The solution \1/ satisfies 

If <? € .ff*, then we approximate it by a sequence g n of C°° functions. Then by 
(I7.26P the associated sequence $ n of solutions converges to some $ in the norms 
U\ , {H x {K^)f. As * e {H 1 {K^,)) i , the trace *| A ^ exists and we have : 



\V((p(r),f,u)-g(f,u)\ 4 drdu < \\^ -^ n \\ (H ^(K^ 

T a JS 2 ^ ^ 



+ / " * / \g" - g\ 2 dfdio -> 

J-T v JS 2 

and thus T^f? = g. This concludes the proof of the theorem. □ 



7.3 Proof of Theorems O and 

Because of ()7.3|) and (|7.11[l we only have to show surjectiviy. Let A < 1 and (p\ = X\r\. 
Then the hypersurface K ipx = {(<p\(f), f,u;); |f| <T,w£ 5 2 } is a lipschitz space-like 
hypersurface. We first suppose 

32,3 G C°°([-r,0] x ,S* 2 ;C 2 ) and .91,4 € C°°([0, T] x S* 2 ; C 2 ) 

(which we extend to smooth functions on [— ?, 0] x S 2 resp. [0, ?] x S* 2 ). Let gi,df, lo) 
and (72,3(7% w) be the solutions of (|7.4j) and (|7.5jl . We consider the approximate prob- 
lem : 

* A (-Af,f,w) = 3(f,w) -j<f<0, V (7.27) 



A 

* A (Af,f,w) = g{f,u) 0<r<4-. 



We put 



S (f,w) -f<r<0, 
g(?,u) 0<f<f. 



g(f,w) := 

Starting with g we define g,J A as in (|7.14p . For — j- < f < we have : 



1) ^(^m'm'l^A) ,/ -- | - 1^, ^ , '-' , • 



In a similar way we find for < f < T 



Note that the first and fourth components are zero because g is a solution of (|7.4j) 

T. 
A ' 



a" (f,uj) := (Diagl— !— , — , — , — !— ) D?g ) (f, w) 

%l ' ; V + A !- A i-A'i + Ay r v v ' y 



Di '"' ' TTa' T~a' T~a' TTa ' 1 ^ + »■'■■/)"-■'• 
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Here the second and third components are zero because g is a solution of (|7.5p . As 
(32,3,31,4) € H 1 we see that g £ Therefore (|7.27|) possesses by Theorem 17.31 a 

unique solution \& A satisfying the energy estimate : 



As 



T <P\.T f\ 



(3^) M = V-^<f<0 



(7.28) 



T 

VO < f < — 



we see that the R.H.S. of (|7.28|) is uniformly bounded. Repeating the argument for the 
spaces t , min^A < t < T = max^ we see that we can extract a subsequence, 
still denoted * A , s.t. 

* A f Ht, 
* A ^^ (H^Kt)) 4 , 
* A * {H^^Kt)) 4 . 

^ is a solution of the Dirac equation and we have : 



l*llwi < Il5ll/ri, ll*ll(ff*(*r))< £ llffllffi- 



(7.29) 



We want to check that 

*2,3(-r,r,a;) 
*i )4 (f,f,a;) 

In fact we can even show : 



g 2 , 3 (f,uj) V-T<f<0, 

gi A (f,uj) vo<f<r. 



&(\r\,r,uj) = g(r,w). 



As in Section [72] we estimate 

r'l' 



T JS 



\g(r,uj) - * A (|f|,f, u)\ 2 dfduj 



\% x (\\r\,r,w) - ^ x (\r\,r,uj)\ 2 drdLO 



■T JS 2 
T 



T JS 



< \X-l\T 



X\f\ 



d t y x (t,r,uj)dt 



dfdujdt 



TJS 2 J\\f\ 



\r\ 



\d t y x (t,r,u)\ 2 dfdujdt 



< T|A-1|||^ A ||^ T <T|A-1| 



On the other hand 



J |vf A (|f|,f, w ) - ^(\f\,f,u;)\ 2 dfdu; < ||* A - nlm/HK^ - °- 

Thus ^>(\r\,r,uj) — g{f,u>). If (32,3,31,4) S H 1 , we approach it by a sequence 
(32 3, 3i 4) °f smooth data and the corresponding solutions converge to a solution 
The trace of \& on At exists and we show as in the proof of Theorem [731 that 



*2,3(-r, r,w) = g 2 ,a(r,uj), * M (f,w) = gi A (f,uj). 
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surface of 



Figure 7.2: The characteristic Cauchy problem outside the collapsing star. 



If (52,3,51,4) S Lj, _ Ljip 1 we again approach it by a sequence of smooth data 
(S2 3iffi l 4)- The corresponding solutions are in Ti^ and converge to some ^> in Ht- 
By definition of the extension we have = g (see Remark 17. ip . This concludes the 
proofs of Theorem 17.11 and Theorem 17.21 □ 



7.4 The characteristic Cauchy problem on A4 co i 

In this section we want to solve a characteristic Cauchy problem outside the collapsing 
star. The data will be a function g2^(t,uj) for which we suppose : 



3tg Vt>tg S2, 3 (t,W)=0. 

We want to solve the following characteristic Cauchy problem : 

d t ^ = iHV z(t,0) < f < -t+1, t > 0, ' 
<&2,3(*,-*+l,w) = 52, 3 (^), 

t>t g , r €[z(t,6),-t + l] => V(t,f,uj) = 



(7.30) 



} (7-31) 



and write the solution as 



*(t) = U(t,t g )* K {t g ), 



where ^K(t g ) is the solution at time t g of a characteristic problem in K, K as in Figure 
17.21 We first have to specify the regularity of the data. If gi^(t,ui) = "fi.^i, — uj), 
then gx ^ is solution of the equation 



D t giA 
5i,4(* s , w) 



((^ + ^)ff)l,4, 

0, 



(7.32) 



which we can write as 



sm(*,w) 



V(t,8)S(s)ds 
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with a propagator V(t, s) and a source term S(s) associated to (|7.32j) as in section 
ITU We then put 

92,SM ■= \{D t92 ,z+{{P w + W)g) 2 ,z). (7.33) 

Let ^{[Q.tg] x S" 2 ;C 2 ) be the completion of 

Co = {ue C°°([0,t g ] x S 2 :,C 2 );u(t g ,u;) = OVcj e S* 2 } 

in the norm : 

1 1^2,3 1 1 = 2 (ll52,3|li2 ( [ 0t9 ] xS 2. C 2 ) + \\92,3\\L 2 ([0,t g }xS 2 ;C 2 ))- 

The result of this section is : 

Theorem 7.4. Let #2,3 € if . TTien possesses a unique solution ^ with 

# € C* 1 ^;^) n C(R; H 1 ) and 

t > 0, f € 0), -t + 1] => f, w) = *(t, f, w). 

Furthermore we have : 

r r—to+1 rt g p 

W0<t o <t g / / |*| 2 (t ,r,w)drdw = 2 / / |.g 2 ,3 1 2 u)dtdu. (7.34) 

JS 2 Jz(t a £) J t JS 2 

Proof. 

• We first show uniqueness. Let < to <t g , 



B> 
B 3 
B 4 



= {(t ,f,u); z(t ,Lo) <r < -to + 1}, 

= {(i„,f,w); l(t fl ,0)<f< -t fl + l}, 

= {(M(M),^);io<i<i 3 ,^eS 2 }, 

= {(i, -t + 1, w); t < i < * 9 , w e 5 2 }, B:= BiUB 2 UB 3 U B 4 - 



By Stokes' theorem we have 



*{(j) A (j) Al dx AA + X AXA'dx AA ) = 

B 

2 



Indeed 



«■ / / |*| 2 (i ,r, w )df^ = 2 / / | fl a i 3|' , (t,a;)<ftd[j. (7.35) 
s 2 Jz(t ,e) Jto Js 2 



*{(j) A (t>A'dx AA ' + XAXA'dx AA ') = 



'B 2 

because the solution is zero on B2 and 

♦ (^A'da^' + XAXA'dx AA ') = 

because M AA {4>a4>A' + XaXa') — 0. The equality (|7.35|) gives the uniqueness 
result. 
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• Let us now prove existence. Let 

K := {(t,r,w); -1 < t < t g , -t + 1 < f < t + 3}. 

We put 

g 1A (t, u) = 51,4(0, w) = 5 i, 4 (0, u) = f V(0, s)S(s)ds. (7.36) 

Jtg 

The characteristic Cauchy problem 

d t ^ = iH^ (i,f,w) G X, ] 
* 2 ^(t,-t+l,w) = 02 l3 (t,w), f (7-37) 

*i, 4 (t,t + 3,w) = 51,4 J 

has, by the results of the previous sections, a unique solution ^> g . We now 
choose a smooth cut-off x & C°° 0&) with 

1 X < + 2 

a; > t g + | 



and put 



X* ff (t g ,r» f>-< ff + l, 



This defines ^(t g ,f,uj) for all f > z(t g ,6). Note that because of the finite 
propagation speed the solution in the domain we are interested in is independent 
of *(t 3 ,r,w)|[ tg+2oo ) xS 2. Because of (|7.36l) we have H g {t g ,-t g + l,u) = 0. 
Therefore ty(t g ,r,uS) G H 1 . The restriction of 

*(t) = [U(t t t a )*(t a )] H (7.39) 
to {(£, f, w); < f < z(t, 9) < f < —t + 1, cj G S* 2 } solves the problem. 

□ 

Remark 7.2. fa) FKe cow/d of course permit data which do not vanish on B 2 and 
proceed as in the preceding sections. However in the next sections, we shall need a 
description of the solutions as in J7.ff£| ). 

(b) Let '5 G C (M.;7i) n C(M.;7i 1 ) be a solution of the following characteristic 
problem : 

* 2 ,3(i,-i+l,w) = g 2 , 3 (t, oj). 
Then we have the following energy estimate : 

\g 2 £(s,u)dsduj < \\y(t)\\ 2 n Vi. (7.40) 



is 2 

Indeed Stokes ' theorem gives for T > : 

c2T+l 

^\ 2 (0,r,uj)drdLU 

/ | ff2 .3| 2 (t,w)didw + / / |*i. 4 | 2 (t,i + 2T+l,w)didw 

2/ / \g2.3\ 2 (t,Lj)dtd0J< f f \^\ 2 (Q,f,Lj)dfduJ. 

00 J S 2 Jl Js 2 
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In the same way we can show : 

2 / / \92,3\ 2 (t,u)dtduj< [ [ \^\ 2 (0,f,uj)dfduj. 

J JS 2 i-oo JS 2 

Thanks to inequality |7.^flp we can extend the trace operator T : ^ 9(t,—t + l,u>) 
to a bounded operator T e £(H;L 2 ((JR x S 2 dtdu) ;C 2 )). 



Chapter 8 

Reductions 



In this chapter we present the basic analytic problem that we have to solve in order 
to prove the main theorem. 

8.1 The Key theorem 

Let n G Z + 1/2, t = R x [0, 2ir] v x [0, n] e , if = 0^ + ^2, M n = ^ (see <53S> 
and Remark 16.111 . Theorem 15.11 will follow from 

Theorem 8.1 (Key theorem). Let f(f,uj) = e intp f n {f,6) G (C£°(t)) 4 . Then: 

lim ||l [0i0o) (ffo)D"(0,r)/||g = ||l[o,oo)(^)l R -(^)/|| 2 

+ (^-/^"e^a+^e^)- 1 ^-/). (8.1) 

Proof of Theorem 15.11 (using the result of Theorem 18. ip 

Using the axial symmetry of the problem it is clear that it is sufficient to show 
(|5.27p for $j(t,r,w) = e inv ^j{t,f,6) with 77 replaced by 77™ and fx by fi n . We then 
use the polarization identity to see that it is sufficient to evaluate for $(t, f, u) = 
e in f>$(t,r,6) G (C^(M co i)) 4 : 



By a change of variables and using the compact support of <E> we have indeed : 



lim u; col ^* col ($ T )* col ($ T )) 

T— >oo 




Here we have used that for T > sufficiently large we have 

S col <t> T = U(0,T)S<P. 




U(0,T)U(T,s + T)$(s)ds, -00 < a < b < 00. 



There exist f 1 , f 2 such that 



Va < s < b suppe lsH $(s,r,w) C [fi,f 2 ] X S 2 . 



In order to replace U(T, s + T) by e 
that 



-isH 



it is sufficient to choose T large enough such 



z(t,9)<r 1 Vt > min{a + T, T}, 6 G [0, n]. 
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Now using (|8.2|) and Theorem 18. II we obtain: 



lim oj col (**coi($ T )*coi($ T )) = \\l [0 , OD) (H)l R -(p-)Sn 2 

1 — >-oo 

= ||i [0>oo3 (#)Si R -(p-)<i>|| 2 

+ (Sl H+ (P-)$, /i"e CTff (1 + ^e'Y'SV (P-)*). 

□ 

From now on we will always suppose /(f, w) = e mip f n (f, 0). The proof of Theorem 
18.11 resp. Theorem 18.21 below will be the purpose of the rest of this paper. It will be 
accomplished in Chapter ITTI 



8.2 Fixing the angular momentum 

Thanks to the cylindrical symmetry of the Kerr-Newman space-time the angular 
momentum of the solution is preserved. More precisely let for n € Z + 1/2 : 

H n := {e mv u eH;ue (i 2 (R x [0, it]; dfsin6d9)f}, 
H n ._ ^n Vu eH ^. uE ( X 2( R x [o )7 r];dr*sinM0) 4 }. 

Then all the dynamics which were introduced so far preserve these spaces. Note that 

n = ® n n n . 

We also define : 

H nl ■.= n 1 n H n , Hf ■.= Hi n K- 

Let us put 

8.3) 
8.4) 

8.5) 

8.6) 

8.7) 

8.8) 
8.9) 



K 


■= T^-Dr, 


+ a (n)FJ s2 + 


6 (n)r 4 + c", 


p" 


:= h^h 






% 


■= ^Dr, 


a 

5 o n — 


qQr+ 


yt 


■= ^D r , 


+ mT 4 , 




c" 


:= ncj + 


Cl , F" :=nV„ 


+ V 1 ,rf := — 


v n 


:= nV v + 


Vi = (Volh, 




w n 


:= h 2 Cl 4 


- h?c^n + Vipn - 


f Vi. 



qQr+ 

r\ + as 



The operators $P etc. will be understood as operators acting on with domain 
D(p n ) ={ne H™; p n u e W™} etc. They are selfadjoint with these domains (see [T3I 
Corollary 3.1]), the graph norms of Tfl 1 and JZ>™ are equivalent. We define the operators 

* n 

V> ,H n by 

p" = WjPU*, H n = vffv*. 
Clearly Fj , if n are selfadjoint with domains : 

D(p n ) = UDQfl 1 ), D{H n ) = VD(p n ) = VUD{TjP). 
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We will also need the operator : 

Hl_ := T 1 ^ - 77™. 

In order to describe the precise asymptotic behavior of all coefficients we introduce 
the following symbol classes as subsets of C°°(E): 



/ 6 S m '" iff Va,/?eN d? r d%fe 



0(e nK +\ r *\) n 



-co . 



/ 6 S m iff Va,[3eN d£d$f G 0(< r* > m ~ Q ), |r*| -» oo. 

We shall denote /' the derivative of / with respect to r* even for functions which 
depend also on u>. We recall [HI Proposition 3.1, Lemma 3.2] : 

Proposition 8.1. We have 

a a e S -1 ' -1 , b e s°--\ b' e s- 2 <-\ (c n )' g s^ 2 - 2 , fe 2 -ie s- 2 <- 2 , g S" 2 - 1 . 

Furthermore there exist two constants C$,e > s.t. 

(a (r*)-i) w g ©((r*)- 1 -^), r* -► 00 * = 1,2 (8.10) 

r* 

(ao(r») -C 3 e K + r *) W G 0( e ( K + +e ) r *), r* -» -00 7 = 1,2 (8.11) 

b -m G (^((n)- 1 ), r* -» 00 (8.12) 

c" + 77 n G C(e 2K + r *), r* -00. (8.13) 

Remark 8.1. (i) Properties i8.10\) . i8.11\) imply the existence of two constants 
R > 0,C > s.t. 

Vr*>Ro ^-<a (n)<^, 

Vr* < --Ro C,7 1 e K + r * < a (n) < C e K+r *. 

(ii) From the definition of f it is clear that we obtain equivalent statements for 
h(f,9) = h(ri,(r,9),9) etc. if we define the symbol classes with respect to f. 

8.3 The basic problem 

For veRwe put 

j-\u I 0>v \ ■ iv -1 

r ■■= Q ),a„ = ie 1 2 , 

yr- n ■.= hyr s ' n h + v n , jzr 1 ■.= r 1 ^, + ao p s2 + b r v + c n , 

^r 



V n := V?+nV v , V{ =Y + ^ ± (p- Vr 2 ^)^ - ^(r 2 + a 2 - a), 

i.e. yf ,n is obtained from JZf 1 by replacing T 4 by Y v . In the same way we define 
ttf. The operators H y n and E v _f are defined by H^ n = VUp , ' n U*V*, H^f = 
VWft^WV*. We also define 

H? := {u = e mv v £H t :v£ (L 2 (E™^ , drsin6dQ)) A } 
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with Yj C t oLip = {(f, 6) G R x [0, tt]; f > z(t, 0)}. 
Let us consider the following problem 

<9 t $ = r>z(t,6), 

E,e{t,r.e. v} (^rm,Ht,0)^) = -i*(M(t,0),w), ^ (8.14) 

$(* = «,.) = J.QeflW) 

with 



= «e7i;Oe^', N^u(t,z(t,6),u) = -iu(t,z(t,6),uj) I . 

[ ^G{t,f,e >¥3 } J 

Proposition 8.2. Let f s G D(H^ n ). Then there exists a unique solution 
[*(•)]« = [^" ,n (.. e C 1 ^; W n ) n C(E t ; H" 1 ) 

of {Ogp s.t. /or allteR G D(H^ n ). Furthermore we have ||*(t)|| = and 
U u,n (t,s) possesses an extension to an isometric and strongly continuous propagator 
from to H 7 t l s.t. for all $ s G D{H S ) we have: 

^-U v ' n {t,s)3> s =iH t U v ' n {t,s)® s 
at 

and if R > z(s, 9) for all 9 we have: 

(f > R=> <f> s {r,uj) = 0) => (f > R+ \t- s\ =*> (t7"' n (t,s)$ a )(f,c<;) = 0). 

Proposition 18.21 is proven in Appendix [A"l Let us for the moment just note that 
Proposition 18.21 implies Proposition ^. 51 Indeed if we define 

U(t, s) = ® n e iv ' 2 ^U v ' n {t, s)e- l »l^\ (8.15) 

then U(t, s) has the required properties. Let us now consider H^i? = H l/,n + rf 1 , 
H%? t := H? n + rf 1 . Clearly 

1 [0,oo)(-ffo : ") = 1 [r;",oo)(^""o) 

and an equivalent equation for H^f 1 . If U^(t,s) is the evolution system associated 
to H^f l t , then we have the relation 

U^ n (t,s)=e l ^ s ^"U u ' n (t,s). 

Let also 

H^ i7l n =Ht+ rf, H^ n n = H v _f + rf 1 , W% n = W n + rf 1 . 
Thus if f(f, w) = £ e lnip f n (f, 9), then 

l|i [ o,oo)(ffo)^(o,r)/||^ = ^||i [ ^, oo) (i/;;: )L/^(o,r)e^V I NI^ 

n 

and therefore the key theorem will follow from the following 
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Theorem 8.2 (Key theorem 2). Let f{r,w) = e mip f n (f,9) G (C^°(E)) 4 . Then: 

= \\l [rin>oo) (H^ n )^-(Pn-)f\\ 2 

+ (n^ n f,e' TH ^^(l + e' 7H ^^)- 1 n^ n f), (S 
where a is as in Theorem\5.1\ 



Here O"' 1 ''", denote 



!L' = s- hm e - e 1r+(-P„' ), 

£ — > — oo 

PJT'- = s-Coo- lim e-^-'L^''". 



16) 



8.4 The mixed problem for the asymptotic dynam- 
ics 

In this section we give an explicit formula for the mixed problem for the asymptotic 
dynamics near the horizon. We consider the following problem : 



d t ® = iif^ )r) » t $ (f,w)GS 

* 3 {t,z(t,e),w) = -Z(t,fl)*4(*,«(t,fl),w) 

* 3 (MM),w) = Z(t,6)^(t,z(t,9),u) 

*(« = «,.) = *.(.), 



eoZ -\ 

t ' 



.17) 



with ao = and put : 



l+z(t,0) 



We note that the boundary condition is the MIT condition 



t&o(t,0) := (l-i 2 )- 1/2 . 
For > x > 5(0, 6*) we define f(xo, 9) by : 

z(t(x 0i 9),9) + t(x , 9) = x . 

We obtain: 



-!- ln(-x ) + J- ln(i(0)) + O(s ), x -> 0", (8.18) 



f(z o ,0) = 

l + i(f(x ,^)) = -2k+x + O(xI), x ^0~- 
We denote {/<_(£, s) the isometric propagator associated to (|8.17|) . 
Lemma 8.1. For t < s, given / G H s , u(t) = f7<-(t, s)f is given by : 
f > z(t,6) 

=> u 2 (t,f,u) = f 2 (f-t + s,uj), u 3 (t,f,uj) = f 3 (f - t + s,lo), 
f > s + z(s, ff) — t 

=>• ui(t, f,uj) — fi(f + t — s, u), U4.(t, r, to) = fi{f + t — s, u), 
z(t,6) <f<s + z(s,9) - t 

=> Ul (t,r,uj) = Z- 1 (r(f + t,9),9)f 3 (f + t + s-2T(f + t,e),Lo), 
u A (t, f, uj) = -Z~\r{r + t, 9), 9)f 2 (f + 1 + s - 2f (r + t,9),u). 



(8.19) 
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8.5 The new hamiltonians 

In the remaining chapters we consider the operators tV^n etc. acting on the Hilbert 
space 7i n . It is clear that all the results of the preceding chapters hold also for these 
operators. We define the angular part P^ n of H^lT" by 

pv,n H v.n _ T 1 D _ W n 

The indices v, n, rf 1 will be suppressed from now on. In particular we have a new 
hamiltonian which is slightly different from the hamiltonian considered in Chapters 

HE] 



Chapter 9 

Comparison of the dynamics 



Let J S C fc °°(R), < a < b < 1 and 




1 f < a 
f > b 



The aim of this chapter is to prove the following 



Proposition 9.1. Let f{f,w) = e in ff n (f,9) G (C£°(£)) 4 , n G Z + 1/2. T/ien we 



Ve > 03t > 0Vt e > i 3T > OVT > T || J(f + t e )(U(t £ ,T)f - U^(t e ,T)Sl-)f\\ < * 

Proposition l9 . 1 I compares the dynamics C/(£ e , T) and U^(t e , T)£l^ (see Figure liJTj) . 
The function J7(f + t e ) is a cut-off in the region we are interested in. The proposition 
states that in this region the above dynamics are close to each other when t e becomes 
large and this uniformly in T. To prove Proposition ^, ll we understand both U(t e , T)f 
and fj<_(i e , T)£l^f as solutions of a characteristic problem. In Scction l9~Tl we compare 
the characteristic data, in Section 19.21 we compare the solutions of the characteristic 
problems for the operators H and . Proposition 19.11 is proven in Section 19.31 



We suppose for the whole chapter that f(f,uj) = e mv f n (f,9) G (Cg°(E)) 4 , supp/ C 
[Ri,R 2 ] x [0,2tt] x [O.tt]. 

9.1 Comparison of the characteristic data 



Note that it is a-priori not clear that {/<_(<, T)Sl<_f is regular enough to take the trace 



have 



Let 




(P 2 , 3 U(t,T)f)(-t+l,oj), 
(P 2 , 3 U^(t,T)Q^f)(-t+l,Lj). 



(U^(t,T)tl-f)(-t + l,u) 



in the usual sense, but it can be taken in the sense of Remark 17.21 (b). 



Lemma 9.1. We have : 
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Figure 9.1: Comparison of the dynamics 



Proof. 

First observe that : 

g T (t,u) = P 2> 3( e ^-r)*/)(- t + l )W ), 
<£(t,w) = P 2> 3(e^- T )^Q-/)H+l, W ). 
Using Lemma 16.61 we see that 

supp/, suppSl^/ C [i?i,oo) x [0, 2?r] x [0,7r]. 
By the finite propagation speed this entails : 

supp (e i( '- T)H /) ,supp(e l(t - T)H ^-/) C [Pi - |T-t|,oo) x [0, 2tt] x [0,tt]. 

If t > T, the condition -t + 1 > R x - \T - t\ implies 1 > Pi + T and if t < T the 
same condition implies t < 1+T 2 ~~ Rl ■ Let m(T) satisfy the conditions of Lemma [ 
For T sufficiently large we have : 



(9.1) 
(9.2) 

(9.3) 



\g T (t, lu) — g^L(t, u))\ dtdu 



< 



JS 2 

1+T-Bj 



JS 2 



J S 2 



-T2,3e l(-l,oo) 



-T2,3e 1 (-l,oo) 



P 2 , 3 I e« H l ( _ 00) _i ) 



T - m(T) 



T - m(T) 



e -,TH f 



(— i + 1, Lo)dtduj 



(— i + 1, uj)dtdhj 



T - m(T) 



—iTH 



i (- 00 >- 1 ) \T-m(T) 
=: h+I 2 +h. 

We want to show that 



—iTH<- r\— 



0- / 



(— t + 1, uj)dtduj 



lim ii = 0. 



(9.4) 
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By the energy estimate (|7.40j) we see that we can replace / by x(H)f, x € Co° W> 
suppx Cl \ {—to + r) n , to + rj n }. Let < e x < 1 be as in Lemma W7Z[ Then 



i] JS 2 



2 J \T-m(T) 



—iTH 



x(H)f 



io Js 2 
= '■ hi + 1\2 



-iTH 



x(H)f 



(—t + 1, Lo)dtcLu 



(— t + 1, uj)dtduj 



Let us first estimate /12. We have 



supp ( e it/f l 



-iTH 



x(H)f 



c 



(-f.«0 ^T-m(T) 
(T - to(T)) - t, oo) x [0, 2tt] x [0, tt 



But -t + 1 > ^ (T - to(T)) - i implies 1 > 4f- (T — to(T)) . Thus J 12 = for T 
sufficiently large. We now estimate In. By the energy estimate (|7.40l) we have : 



C-i,-*) ^T-m(T) 



e - J ^l R+ (F-)x(^) J 



e- l ^l ffi -(p-) X (ff)/|| 



We have 



By Lemma 
show : 



we have Hxiit-kx Ifi — 0. (|9.4[) follows. In the same manner we can 



lim I 2 = 0. 



Let us now estimate 1$. We have (t > 0) : 



supp ( e 1 ( _ 00 _x) 



T - m(T) 



x e-* TH -nzf 



supp e l ( -oo,-i) 



T - m(T) 



e" ,TH / C (-00, m(T) - T + 1) x [0, 2tt] x [0, tt] 



The condition — t + 1 < m(T) — T + t implies i > T m ( T ) +1 , i n particular 
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1 — J(—t + 1) = for T sufficiently large. Therefore we obtain : 



h < 



l+T-R 1 










P2,3 ( 


/T- m (T) + l J s2 









H-oo,-l) 



T - m(T) 



A (-oo,-l) 
i+r-Ri 



T - m(T) 



(— t + 1, Lo)dtduj 



T-m(T) + l /„2 
1 + T-Hj 



Pi,ze l(_i 



(-1,00) 



+ 



T-m(T) + l /„2 
2 fl 



7-j itH^- 



(-1,00) 



T - m(T) 



T - m(T) 



— iTH r 

e / 



(— t + 1, Lu)dtdu) 



(— i + 1, uj)dtduj 



T7 / 

-< T >+ 1 y s s 



P 2 ,3 ( J(f)e l( '- T)H / - e'C*-*^- n ~ ) /I (_< + 1, w )dtdw 



We have for j = 1 , 2 
We estimate : 



< Lj < Ij -> 0, T -► 00. 



^ < m ( y ) fll sup || l 7(f)e^/- e ^f7-/|| 2 LTC(R;(L 2 (S 2 )) , ) 



< 



TO(T) 9 ^ sup || l 7(r)e^/- e ^f7-/|| 2 ffl(R;(i 2 (S 2 ))4) . (9.5) 



We can choose 



-1/2N 



sup ||J(r)e- ff / - e- ff -0- /|| 2 ffl(K;(i3(s2))4) 



. 1-(T+R!) 



m(T) = min 

Then by Lemma 16771 the R.H.S. of (|9.5p goes to zero when T — > 00. 



□ 



9.2 Comparison with the asymptotic dynamics 

In the region z(t e , 0) < f < a — t e we understand J(f + t e )U(t e ,T)f as the solution 
of the characteristic problem on M. co i for the operator H with data g T and 

J(r + t e )U^(t e ,T)nzf 

as solution of the characteristic problem for the operator with data . We would 
like to solve the characteristic problem for H with data and write the solution as 

Gu (gl) = U(t, T/2 + c o )0(T/2 + c ), 

where <fi is constructed as in (|7.38p with t g —T/2 + co for some cq > 0. Unfortunately 
will in general not be regular enough to assure that Gt e {gJL) is a strong solution. 
We shall therefore regularize fl^Lf. Let \R € Cq°(R) with 

_ f 1 R>f>Ri, 
XR ~ \ f < i?i - l,f > i?+ 1. 
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Let 
and 

We put 
Let 

Clearly we have 

Ve > 03N e >0,R e > OVR >R„N> N, ||fi" / - f)%\\ < e. 

We put 



in = {l;l--en,l-\n\e N}, 1% = {I e l n ; \(l,n)\ < N}. 

= J2 (n^fT 1 , (^f) nl e H' 1 ' = L 2 ((M, df ); C 4 ) ® 4 F ni VI. 

(o- f) N = ^ (n- /r', (n- /)£ = /) w - 



T,N 



i = (fl Ja c^(*,T)(n-/)S)(t,-t + i,w). 

The functions (g^J i?)23 are compactly supported. The necessary regularity of gj^ R 
follows from the regularity of e l ( t - T ) H ^ (Q^f) R by classical trace theorems 0- We 
put c := 1 ^ £L , R = Ri - 1. Let <$> R N (T/2 + c ) be the solution of the charac- 
teristic problem in the whole exterior Kerr-Newman space-time with data g^ R on 
{(i, f, u>); < t, r = — t + 1} as constructed in (|7.38p and 

<P^ N (T/2 + C ) = e -i(.T/2-co)H^. (Q- /)£. 

Lemma 9.2. We have uniformly in t t > : 



\n te 



0, T — * oo. 



||J(f + t £ )U(t e ,T/2 + (T/2 + c , .) - ^ (T/2 + c 

Proof. 

Let 

7 := ||J(f + t e )U(t 6) T/2 + c )($ R > N (T/2 + c , .) - ^ N (T/2 + c , .))||^ 
First observe that by ()7.34p we have : 

f T/2+c 



with 



I<2[ C ° / - g^tfdtdu 

Jt, Js 2 



g T R N = (P 2 ,3e l ( t -( T / 2+C «» H e - l ( T / 2 - C °)^/)(-< + l, W ). 



We proceed as in the proof of Lemma [9~T1 Let m(T) satisfy the conditions of Lemma 
16.31 Then we have : 



I < 



Jt, Js 

rT/2+eo r 
Jt, J S 



-^2,3e l(-l,oo) 



L (-l,oo) 



P2,3 ( e 1 * H l ( _ 0o ,_ 1) 



T - m(T) 
f 

T - m(T) 
f 



-i(T/2+c )H -i(T/2-c )H^ 



(— t + 1, ufjdtdu! 



L (-oo,-l) 



T - m(T) 



T - m(T) 
2 



(— t + 1, u))dtdu> 



-i(T/2+c )H -i(T/2-co)ir_ 



(— t + 1, u>)dtckj 



= : i"i+/ 2 + / 3 . 



1 Recall that (I7<_(t, T)(fi~ /)£)(-* + = (e>( t - T )»- (fi- f)%)(-t + 1, w). 
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Let us first estimate I\. We have 

fT/2+co 



h < 



Jt c J s 

rT/2+co r 

Jt e JS 

hi +Ii2- 



P 2 , 3 e UH l ( _ ltl) 



-f%3e 1(1, oo) 



T - m(T) 

f 

T - m(T) 



e -i(f + CD )H e -i(f-Co)»*. 



i(f+c )H i(T_ C0 ) H ^ 



(— t + 1, ui)dtduj 



(— t + 1, u>)dtduj 



Using a finite propagation speed argument we see that J12 = for T sufficiently 
large. We estimate : 



In < 



< 



L (-M) 



T - m(T) 
f 

T - m(T) 



e -i(f + Co )H e -i(2:-co)H^ ^ 



-iTH 



i R+ (p-)w-/ 



+ 



o»(|-Oo)H -»(f+Oo)H- 



0, r — > 00, 



where we have used Lemma 16.31 In the same way we can show : 

lim h = 0. 

T^oo 

By the same arguments as in the proof of Lemma 19.11 we see that 

rT/2+c 

II („ivB AaH^-\ „-i(T/2-cn)ff.- ?|| 

II ( e ~ e ) e V ' /Hh1(E,(L2( S 2))4 ) . 



I 3 < J J J ^ e i(*-(T/2+c )H _ e i(t-(T/2+ eo ))fl^j e -i(T/2-c )H^ j| (_ f + 1. 

1 m(T) 



u))dtdu> 



< 



sup 



-C <CT<0 



(9.6) 



We estimate 



{e i, H _ e ^ )e - i( r/ 2 -co)^/|| Hl(Ri(2 . a(s>))4) 
< f\W sH (H - H^)e^- s ~ T / 2 + c ^f\\ Hl{R(L ,. 

J a 



(S 2 )) 4 



We have 



We have 



+ \\(P U + W)e^- s - T ' 2+c ^ H -f\\)ds. 



= [T'Df, P w + W y(°s-T/2+co)H^ J 

+ {P u + W)e t{a - s - T/2+Co)H -T 1 D i .f. 



(9.7) 



The last term equals : 



(p u + w)e i ^- s - T / 2+ ^ H -T 1 { X R)'{^ f) N 



(9.8) 



(9.9) 
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The first term can be treated in a similar manner. Using (|9.8p . (|9.9p as well as 



suppe 



i{a-s-T/2+c )H^j c ^_ 00j i? + a _ , s _ T/2 + C ) X [0, 2tt] X [0, 7r]. 



we can push further the estimate (19. 7j) (0 > a > 



l-m(T) 



Co) 



,k + (R+ct-s-T/2) 



(Jv + i)(||n-/|| + ||n-H/||)d« 



< J_ e *4-(«+oo-f )(jv + /II + lin^-ff/ll) == -► o, r -» ». 

Choosing m(T) = min(§T, i?(T)- 1 / 2 ) in jHSJ) we find 7 3 -> 0, T -> oo. This concludes 
the proof of the lemma. □ 



9.3 Proof of Proposition 19.1 



We start with the following lemma which analyzes the frequencies in p s2 and Df of 

Lemma 9.3. Let / e 7Y 1 , supp/ C -R2] x [0, 27r] x [0, ir]. Then we have uniformly 
in < t < s : 



(i) ||p s2 C/^(i,s)/|k < C^i.^iu,,^, 

(ii) ||ZW^(M)/lk < C(R 1 ,R 2 )e^ s \\f\\ nl . 

Proof. 

Let u = [/«_(£, s)/. Recall the explicit formula for u from Section l8Tl We first 
show (i). We note : 



1 - i(t, 6>)) > 1, 1 + i(t, 6»)) > e - 2K+t . 
This follows from (|3.53[) . We then claim that : 

df. 



m 



(r,6) 



< 1 uniformly in f, 1 



Indeed from 



(9.10) 



(9.11) 



z(f(f,e),e) + T(f,e) 



df 



do 



l + z 



< 



f follows with (|9~TU| 
< 1. 



,2k+t (r,8) ®Z 



de 



It follows (j = 2,3) : 



\dofj(f + t + 8-2T(f + t,6),v)\ 

< |(*/i)(» i + t + «-2f(r + t,fl) > u)| 
+ |(5 f / J )(f + t + s-2f(f + t,e),o;)|. 



We next claim : 



l-l(f(f + f,0),< 



l + z(r(f + t,6),( 



< 



l-z(t(r + t,6),t 
l + k(r{f + t, 9), 1 



(9.12) 
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Indeed 



'l-J(f(f + *,<?),< 



l + z(t(f + t,6),( 



i (^i + i) li-kf(f+t,e)7t 



l-z l + z y 1 + z(r(f + t,6),( 



< 



'l-z(f(f + f,0),0) 

i + k(t{f + t,e),ey 



where we have used (19.101) and the uniform boundedness of — ^ , 4£ , -®r . It follows : 



\\P s ^(t,s)f\\ nt < \\U^(t, S )(d e f)\\ + \\U^(t,s)-^(d r J)\\ 

+ \\U^(t,s)(d f f)\\- 
< C(R 1 ,R 2 )\\f\\ n u 

Let us now show (ii). We first claim that on supp/j(f + t + s — 2r(f + i, 0), w) we 
have for s sufficiently large : 



< 



l 



|r + *r 



Indeed from 
follows 



z(r(f + 6») , 6») + f(r + 1, 6) = f + 1 



df 

Or 



< 



< 



\k(f{f + t,6),6) + l\ ~ \f + t\' 
where we have used (|8.19l) and the fact that 

f + t — >0,s— >• oo on supp/j(f + i + s — 2f (f + t, 6), u). 

We next note that on supp/j (f + t + s — 2f (r + t, 8), oj) we have : 

\r + t\ > e- K + s . 

This follows from (|8.18p . We now estimate on supp/ 3 (r + t + s — 2f(f + t, 0),uj) 

1/2 

df | | ^-j I (r(f + t,e),< 



l + z 



l-z 



1/2 



1 + Z 



r(f(f + t,0),< 



z(f(r + t,6),6)dff(r + t,i 



(l + f)(l-5) 



< p k + 5 



'i ; \ 1/2 
1 — z \ 



In the same way we estimate : 



(T(f + *,0),0). 



(9.13) 



|df/# + i + s-2f(r + t,0),w)| 

< \(9ffj){f + t + s- 2f(f + t, 0),u)(l - 2d f f)\ 

< e K + s \(drfr)(r + t + s- 2f(f + i, 9), w)|. 



(9.14) 
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The estimates (|9~T3]) and (|9~T4|) give (n). □ 
Proof of Proposition ^. II 



Let e > 0. We first note that 

J(f + t e )U(t e ,T)f = J(r + t e )G tt (g T ), 

where Gt £ (3 T ) is the solution at time t e of the characteristic problem (|7.31[) with data 
g T . In the same way we denote Gt t (g^l^) the solution at time t e of the characteristic 
Cauchy problem (I7.31|) with data g^l N R - We estimate : 

\\J(f + t e )(U(t e ,T)f-U^(t e ,T)Qzf)\\n tt 
< \\J(f + t t )(G tt (g T )-G tt (9ll N R ))\\n te 

+ ||J(f + t e )(G te (^)-C/^(t e ,T)(n-/)^)||„ te +||(n-/)^-Q-/|| 

\ \ \g T -gl?dtduA +(/ / \gl-gl 
\Ja Js 2 J \Jo Js 2 

+ \\J(f + t e )U(t t ,T/2 + c Q )($ R > N (T/2 + c , .) - ^ N (T/2 + c , .))||« t . 
+ \\(U(t e , T/2 + c ) - U^(T/2 + c , .))^ N (T/2 + c , .)||w«. 

+ ||(n-/)*f-n-/|| 

(roo p \ 1/2 

] q -gl\ 2 dtduoj + 2 ||(0-/)^-0-/|| 

+ \\J(r + t e )U(t e ,T/2 + c )($ R > N (T/2 + c , .) - ^ N (T/2 + c , .))||« t . 

+ \\(U(U,T/2 + co)-U^(U,T/2 + c Q ))^ N (T/2 + co,.)\\n tc - (9.15) 

We now fix R, N s.t. 

2||(n-/)£-fi-/||<e/4. 

In order to estimate the last term in (|9.15|) we want to use the Duhamel formula. Let 
tt, t t be defined by 

t t - T + R = z(t t , 9) =► t t = | - | + 0(e- K + T ) 

resp. an analogous definition for t t with R replaced by R\. For the above implication 
we have used (|3.54[) . We now observe that (see Figure [ 



S > T T 

=► Buppt^(«,T)(n-/)g C [z( S ,0), S + i?-T], 

suppLT^ (s,T)(n- /)£ C [z(s,6»),max(s + i?-T,-s + 24-T + i?i)], 

tt > s 

suppt/^(s, /)£ C [ - s + 2t t - T + R, -s + 2r T - T + Jfc]. 

We have to distinguish the cases s £ [tt, t t ] and s £ [0, T] \ [tt, t t \. If s g [0, T] \ 
[tt,t t ], then U^(s, T)(f2;i/)^ is zero on the boundary in particular 

t/^( S ,T)(0-/)£ e D(H S ) Vs e [0,T]\ [tt,t t ]. (9.16) 
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Figure 9.2: The support of (£l<_f)x transported by the asymptotic propagator 
U^(s,T). 



Here we have used Lemma liPl to establish the necessary regularity of (s, T) (fl^f)^. 
But we have : 



U^(s,T)(Q- f)n i D(H S ) Vs G [t t ,t£]. 



(9.17) 



Let 



M(t, 9) = w(t, 6)w (t, 9)t A ( uT x f 4 + ^ - — f 2 ) f 4 f t&n x f 4 Z ' 



with Zi = k(t,6) + l, Z 2 = (dez)(t,0)a o {z(t,0),0)h 2 (z(t,8),6). The coefficients in f 2 
have to be evaluated at (z(t, 9) ,9). We first note that a matrix of type 



v = f 4 ( u^f 4 - ^ + £=f 2 



Z l Z<2 

i % 

is invertible. Indeed an elementary calculation using the anticommutation relations 
for Dirac matrices gives : 

VT A (V 4 f 4 + ^ - ^f 2 ) = ur 2 + Z 2 - Z 2 . 

Let 

A = f 4 (-i - r 1 + iw^f 4 + z 2 f 2 ). 

Then F is an isomorphism from KerA to K. = {(^1,0, 0, ^4) € C 4 }. For dimensional 
reasons we only have to show VKerA C /C, which follows from 



l-p4 



P 2 . 3 V$ = p 2 , 3 r 4 «TT 



z r 1 



r J * = 
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for * e KerA. This shows that M(s,6)U^(s,T)(Q,^f)% fulfills the boundary con- 
ditions for He. We have 



M 



1 + 2f4 + z 2 ZiW! f 2 + - w )f 4 + Z 2 ww Q . 



By ()3.53|) we have 



w < e K +\ w < e K+t . 



We estimate : 

\w — wq\ < wwq(1 — z 2 ) 1 !' 2 

As 



we obtain 



This entails 



{d e z) 2 alh A -2{d e z)l'alh^ 1/2 



1-z 2 



(d e z) 2 a 2 h i - 2{d e z)l'a 2 h 



1-Z 2 



ItD — tuol < e" K +'. 



(9.18) 



We write 
I := 



M(t) = 1 + 0(e- 2K+t ), —M(t) = e>(e- 2K +*). 

at 



U %,t?) (u (t t , I + co) - (t t , | + c )) f | + c 



- (?*(/,---/ ) -r-_ (/,.-, nr.. ( r T , | + co) f| + co 



(9.19) 



Recalling that U<-(s, f + c )$2- ,iv (| + c ) = [^(s, T)(fl~ /)£ and using we 
can estimate the second term using the Duhamel formula : 



< 



\\(P u + W)U^(8,T)(SlZf)%\\H.d8 



< C(R U R) I e- K + s ds\\(rLZf)%\\ni 



< C(R U R)(N + 1)(\\Q; 



1 



\nzHf\\) — (e- K+u - e- K+TT ). (9.20) 



Here we have used Lemma I9JBI To estimate the first term we write : 



N 



U (t t , I + co) - (tt, | + co) ) (| + co 

= (ll (tt, I + c ) M(T) - M{t t )U^ \ Vr,\ + <%) ) 
+ G(e- K + T ), 



co 
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where we have used (|9.19|) . Now we can use the Duhamel formula : 

(u (t t , I + c J M(T) - M(t t )U^ (r T , | + coj J $^(| + c ] 

< / ||[/(T r , s )(™( s )-M( s )if^)[/^( s ,T)(n-/)^||d s 

+ JJ +C ° \\U(vr, s)?^U^s,T)(n-f)%\\d S =: l\ + if 



To be more precise we should have used the operators H s and H^ s in the above 
formula. But as J7«_(s, T)(0^l/)^ is a smooth function we have : 

M(«)fl^ jB tf«_, a («,T)(n-/)£ = r^MLM^TXft-/)^ 

+ [M J r 1 A.]r^(«,T)(n-/)£. 

This will be used below. By (|9.19|) we have : 

Il<e- K+T \\n^f\\. (9.21) 

Let us now estimate I\ : 

ri + c <> 

I\ < / \\U(T T ,s)(H-H^)MU^(s,T)(n^f)%\\ds 

J tt 
/•f +co 

+ / ||C/(r r , S )[M,^]C^( S! T)(0-/)^||d S =:7 ct + / 6 . 

We have [M, ff<_] = [M, T 1 ]^ . Recalling that T 1 = (at 1 + (3T 2 )(z(s, 6), 9) we find : 

[Z 2 wt 2 t A ,T l ] = Z 2 w/3[f 2 f i ,f 2 }. 

It follows : 

[M(s),T 1 ]^0{e- 3K + s ). 
Therefore we can estimate lb using Lemma 19.31 (ii) : 

h < C(R U R) e~ 3K + s e K + T (N +l)(\\nz f\\ + \\n^Hf\\)ds 

J tt 

< C(R u R)e-^ T (N + l)mzf\\ + \\nzHf\\). (9.22) 
We now estimate I a using Lemma (i) : 

7+co 



la < I \\(P u +W)MU^{8,T){n-f)%\\d8 
J tt 

/•f +c 

< C(i? 1: i?) / e- K + s ||(fi-/)^|| Hl d S 

< C(i? 1 ,i?)e- K +*(7V + l)(||fi-/|| + ||fi-i//||). (9.23) 
Here we have used that DgM = 0(e~ 2K+t ). Putting everything together we find : 

||i|| < C(R 1 ,R)e~ K + t ^N + + Hf\\) uniformly in T large. (9.24) 
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We fix t e large enough s.t. the term on the R.H.S. of (|9.24p is controlled by e/4 
uniformly in T large. For T sufficiently large we can estimate the first and the third 
terms in (|9.15p using Lemmas 19.11 and 19.21 : 

/ poo p \ 1/2 

\\J(r + U)U{U, T/2 + c )($ R > N (T/2 + c , .) - ^ N (T/2 + c , < e / 4 - 



This concludes the proof of the proposition. 



□ 



CHAPTER 9. COMPARISON OF THE DYNAMICS 



Chapter 10 

Propagation of singularities 



So far we have compared the full dynamics U(s,T)f to the dynamics f/«_(s,t)0~/ 
on the interval [t e ,T]. We will now replace the dynamics t/«_(t e , T)Sl^f by the so 
called geometric optics approximation. We suppose for the whole chapter that 



/(f,w) = e in *f n (r,6), f n G Cg°(R x [0,tt]), n G Z + 1/2. 



Let 



— — J -'\- 1 ~~ ln ( _ ( f + < °)) _ 7" 

K + (r + t a ) \ K + K-\ 



F*(r,u>) := ; t= : : , (/ 3 ,0,0,-/ 2 ) (T+— l n (-(f + t )) - — lni(fl),u,), 



(10.1) 

where / = (O"/)^ (see Section EHj). Note that 

suppfg c (-t - \O(e- K + T )\,-t ) x [0,2tt] x [0,tt] (10.2) 

and that i 7 ^ depends on N, R. All functions involved have fixed angular momentum, 
e.g. F£(r,w) = F^ n (f,9)e m ^. The functions F£ and F^ Q 7l will often be identified. 
We therefore fix now the angular momentum d v = in everywhere in the expression 
of H: 

x ( M e \ /i 2 a 0fl3 2 ,,2 <p , t> , T > , , an 

ii = T Df+ n \+^—T°n+h ci+h c^n+V v n+V 1 +- 



-M fl ; ' sin^ ^ ,u ' fl ' r 2 + + a 2 ' 

Here V^" is obtained from Vi by replacing T 4 by T^. Recall that 
M e \ , h 2 a 



-Ms 



sm 



-T 3 n = Uhy/E^) n s2y /^hU* 



where J3g 2 is the restriction of FJ S2 to {u = e mip u(9); u{6) G L 2 (([0, tt]; sin 6W); C 4 )}. 
Therefore is a regular operator and the singularities in the expression of H are 
coordinate singularities. We put 

H=(L 2 (Rx [O,7r];dfsin(W60) 4 . 

Clearly 

H = (BiH 1 ; H l = (L 2 (R)) 4 <g> 4 Y u Y t = (span{e 2lW }) 4 . 
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For S > let fa £ C°° (M) with 

(j> S (f) = 



1 r > 6, 
f < J/2. 



The aim of this chapter is to prove the following 
Proposition 10.1. We have : 

Ve > 3N > 0, i?o > VW > Nq, R> R 3t > 
Vt e >t 35 = S(t e ,N, R), T = T (t e ,S, N, R) VT > T 
\\JU(Q, T)f - fa(. - m e))e~^ H FZ\\ < e. 

Note that we can consider J^U(0, T)f — fa(. — z(0, 8))e~ lt ' H Fj as an element of 
H and it is sufficient to show : 

\\JU(0, T)f - fa(. - 2(0, 0))^ lt ' H FZ\\H < e - 

We will use the pseudodifferential calculus on Si = Kf x (0, it). We note £ the dual 
variable to f and q the dual variable to 9. Let S m (T,i) be the space of symbols of 
order m and ^"(Ei) be the space of pseudodifferential operators of order m (see [3"U1 
Chapter XVIII]): 

a(f 7 9^,q)eS m (J: 1 ) 

& Va = (a 1 ,a 2 ),0 = (l3 1 ,fo) \d^d^d^a(f,e^,q)\ < C Q)/3 <(£, <z)) m - |Q| . 

For a matrix M = (uiij) of operators we shall write 

M G * m (Ei) Vi, j my G * m (Ei). 

We use an analogous notation for a matrix of symbols. The matrix Op(M) is the 
matrix of operators (Op(rriij)). Recall that S p is defined as a subspace of C°°(IR) by 

/ G S" ^Va G N|/ (Q) (a;)| < C a (x) p - a . 

We will study f/(0,t e )F t T microlocally. We first observe that F t T has high frequencies 
in £. We show that for Lq > we have (see Lemma ri0.3[) : 

Op (x (yr < io) ) f£ - 0, T -> co, (10.3) 

0, T -> oo. (10.4) 

We then study the propagation of singularities of e~ lt ' H . Because of (|10.2I) . (|10.3|) 
we are interested in the propagation of " outgoing" singularities located in 

{(?, cJ^,q);f> -U - \0{e- K + T )l (0 > L (q)}. 

We will show that these singularities stay away from the surface of the star. Because 
of (|10.4|) it follows (modulo a small error term) : 

{\-4>s){.-me))e- lt ' H Fl-,Q (10.5) 

for an appropriate choice of 5 > 0. Using (|10.5[) we show that 

\\(U(0,t £ )-M--mO))e- zt ' H FuW 

is small for t e , T large. 

This will prove Propositiou llO.il 



10.1. THE GEOMETRIC OPTICS APPROXIMATION AND ITS PROPERTIES! 03 



10.1 The geometric optics approximation and its 
properties 

We need the following lemmas : 
Lemma 10.1. We have : 

\\F?o\\li(R;(L2(S 2 ))*) — > 0, T — > 00. 

Proof. The lemma follows from the following calculation: 

\\F? \\Li(R;(L*(S*))*) 

r-to 1 

J-t a -\o{e- r -+ T )\ ^/-n+ir + to) 
X (^(l/sl' + l^l 2 ) (r+^ln(-(r + t o ))-^lni(0),^^ ' df 

1 /2 

= ^-V^Te K+( ^ T)/2 (/ s2 (l/ 3 | 2 + l/ 2 | 2 ) (y-^lnA(e),u?jdu?j dy 0. 



Here / is a compact interval depending on the support of /. □ 
Lemma 10.2. We have 

| (to, T)/ - | -> 0, T — oo. 

Proof. 

Let u = Ut-(to, T)f. Recall that for T sufficiently large we have : 



ui(f,w) - Jj- — j(T(r + t Q ,6),6)f 3 (r + t +T-2T{r + t Q ,6),Lj), 
X 1 + z 



«4(r,w) = -\/^— |(T(f + to,e),e)/ 2 (f + to + T-2f(f + t ,fl),a;) 
V 1 + ^ 

u 2 = «3 = 0. 
We will also use: 

f(x o ,0) = --^—ln{-x ) + 7 ^—lnA(e) + O{x ),x ^0~, 

1 + z(t(x ,6)) = -2k+x + O{xI), x -» _ . 
We have : 



We calculate : 

IK^^T)/-^)!!! 2 

= [[ \(ui-F?)\ 2 drcLo 
J s 2 Jr 

r \i(-A(6)e K +^)fs(y + 0(-A(e)e K +^),u;) - f 3 (y, u)\ 2 dydw 



s 2 J I 
0, T ^ oo. 
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Here I is a compact interval depending on the support of /. □ 

Let G T = e~ lt ° H F? o . 
Corollary 10.1. We have : 

F£-0, G t -0, U(t o ,T)f^0. 
Lemma 10.3. Let \ £ S~ p , p > 0. TTien we ftove /or all M > cmd uniformly in 



Op(x(||)<9) M )^.„-0,r-oo W, 
Op(x(((tq))(q) M )Fl n ^0,T^^ H. 

Proof. 

We only show (|10.6|) . the proof of (|10.7p being analogous. Let us write 



(10.6) 
(10.7) 



= K T g, 



— i=(/3,0,0,-/ 2 ) ( J-ln(-f)-— lni(e),< 



(K T g)(f,9) = e^ T 9((f + i e )e K + I » 
and we shall also consider ify as an operator on 7v (rather than on TV). Let us write 

9 = 9 l eH l VZ. Thus: 



X 



D 



(I) 



We have 



where J 7 denotes the Fourier transform in f. Note that 

2 



i0: /■ ^ 



E 



VT 



<(0 2M ||3'H 2 , Y,(l) 2M \\9 l \\ 2 <oc. 



It is therefore sufficient to show : 



V/ 



\(§)<0 J W"t< " i7 > - 



0, T-> oo. 



But, 



x i ) (0 M ^)(O 



d£^0 



by the Lebesgue Theorem. This proves (|10.6[) . 



□ 
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10.2 Diagonalization 

Let v x > 0, v 2 > 0, j±,x e C°°(R), suppx C R\ [ - i*, va], X = lonR \ [ - 2v 2 ,2v 2 ], 

1 x > 2vi . r ^ f 1 X < —2^1 , 2 , x -2 / \ -2 



We put 

o (x±O ±fc'- y^' 2 + a 2 ,(x±Z') 2 



c± 



^/c' 2 + a 2 (x±Z') 2 ao(x±i') 
e±(x + Z') 



v^/fc' 2 + a 2 (a: ± l') 2 yJy/kP + a 2 (x ± Z') 2 T # 
e+(a;) = signx, e—(x) = 1, (10.8) 



w± = u 



wl 



W(f,0,£,q) = W+(r,9,£,q) + W-(r,6,Z,q). (10.9) 

By (|T0~5|) W(f, 0, £, g) is only defined for g ^ and £ ^ 0. We note that for e q > 
small enough and |g| < e q we have 



X 



xuy^+ag^+g) 2 ) (io.io) 



Indeed if \q\ < e q we have on suppx [h 2 k' 2 + ajj(Z'£ + g) 2 

c(iei 2 + i?i 2 )>^^iei 2 >^I-e 2 . (io.il) 

But if |£| 2 > 4z/ 2 |g| 2 we have j± (^j = 1. Using (jlO.lip we see that this is fulfilled 

if e q is small enough. Therefore we define W(f, 9, £, q) for q — by (|10.10[) . Similarly 
there exists > s.t. if |£| < then 

W(r,9,£,q)=0. (10.12) 
Indeed on suppj± Cfe) we have \q\ < If |£| < eg, then 



h 2 ^Jk' 2 e + a 2 (l>Z + q) 2 < Ces < i/ 2 

for small enough and thus \ (h^^k/ 2 ^ 2 + Oq(Z'£ + q) 2 ^j — 0. Therefore we define 

W(f, 9, 0, q) = 0. W(^,0, £,g) with these definitions is a matrix of smooth functions. 
We want to check that W(f , 9; £, g) € 5°(Si). To this purpose we apply the symplectic 
change of coordinates 

r, = r* (f, 0), 0* = 0, g* = /'£ + <?,£* = (10.13) 
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Under this change of coordinates we obtain the symbol : 



U 



+ 







lei 



o 









r 



\k'q* - I'C* 

r 



\k'q* - 



W±(x) 



c± 



CIqX 



It is sufficient to check 



±l-y/l + afc 2 
a a x 

e±(x) 



V2^1 + a 2 x 2 ^l + a 2 x 2 T l 



W(r*,6*,e,q*) e 5°. 

On suppj± ( |fc' g *l-;^«| ) > remains bounded. The functions 



= , fl ± =± 



i + 1 T 1 



y^y'x 2 + 1 VT^TT i 1 ' 
are C°°(R) functions with 

I^Oc)! < C a , |0V(aOI <C a . 



(10.14) 



can 



In order to see that the estimate holds for /+ we note that f(x) — ^ 

be extended to an analytic function in a neighborhood of zero with /(0) = We 



obtain : 



< C 



< c 



lei 2 ' 



But on suppj± ( | fc / g .l;/g.| ) n suppx(/i 2 Vl^*l 2 + a ol?*l 2 ) we have : 



ier(e)' <<?*>' 



(10.15) 



We now have to estimate derivatives on j± ( \k'q^-i'£*\ ) X (^ 2 \/l£* I 2 + a ol<Z* I 2 ) ■ ^ n 
the region k'q* — > we find : 



I r 



< J_ 

~ |^*| ' 

i 



i 
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We then use (|10.15p . Derivatives in r*,6*, derivatives on \ (h 2 \J\£,*\ 2 + a^g*! 2 ^ , U 
as well as higher order derivatives can be controlled in a similar way. Let x G 
C°°(M), suppx cR\[-f ,f] with XX = X- We next put : 



We have 



A = h 2 y/u*? + a 2 (l'Z + q) 2 x(h 2 ^/k^e + + q) 2 ), 

H d = \T\H d = Op{H d ). 



HOp(W ± ) = Op(W ± )H d + Op(R ± ) +Op{R ± ) with (10.16) 
R± = R 1 ± +R 2 ± ,R k ± = (r1 J ± ), (10.17) 

supprj± C suppj ± (fr) nsuppx (^J^ + ^ + qA (10.18) 



„i± 



rlf G ^(SO, rff G S-°°(Ei), (10.19) 

= 0, (10.20) 





r k± \ 






r k± \ 




r 14 I 




( rtf 


'32 I 




r fc± J 






r fc± J 


\ 4t 


'24 / 






'42 / 



At = + £| G (10.21) 

R\ = UpT* ( W ± ) , (10-22) 



p(f,0) = (p-^T^) + V (10.23) 
We need a better estimate on the remainder. 

Lemma 10.4. There exists M = (rriij) s.t. for all j rrijj — 1 and for all i ^ j 
rrtij G , 5 _1 (S]i) as well as rj G S (Si), j = 1, ...4 s.t. /or 

#d = Hd + Op{Diag(ri,r 2 ,r 3 ,r 4 )) 

we have : 

HOp(W)M - Op{W)MH d G (10.24) 

Proof. 

We can construct independently M± and rj s.t. (110. 24[) is fulfilled for M replaced 
by M±, rj by r± and W by W±. We then put M = |(M+ + M_), r^- = ±(r+ + r~). 
We only consider the + case and drop the index +. We are looking for M in the form 

A B x „ ... _ T , , 



M = ( c ^ J ; B^G^CSx), 
t = | 1 Pp(ai) \ D _ f 1 OpU), ! 



Op(a 2 ) 1 / ' V 1 

aj-.Jj G S-^Ei), j = l,2. 

If M is of this form it is sufficient that 

Op(R) + Op(R)-Op(W)[M,H d \ = Op(W)Op(Diag( ri) ...,ri)) 

+ R, R G (10.25) 
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Here we have used that 

M = I d + R 1 ,R 1 e^- 1 (12 1 ). (10.26) 

Therefore 

MOp(Diag(r 1 ,... > r 4 )) = Op(Diag(r 1 ,...,n))+R 2 , R 2 € tf-^Ei). 
Recalling that Hd = ADiag(ld, — Id), A := Op(X)Diag(l, — 1) we find: 

IfZTi? 1 = f E Q U ^ j andW*^ 1 = ( ^ fi 12 ^ we have to find A,B,C,D, rj 
s.t. 

-W^°[il,A]+J2n - W^Dto^n.ra) + flu, flu G*- x (I!i), (10.27) 

VF°[AA]+i? 22 = V^° J Dm 5 (r3,r 4 )+i? 2 2, i? 22 e * _1 (Si), (10.28) 

A} + R 12 e ¥ -1 (Ei), (10.29) 

~W°{C,A} + R 21 e * _1 (Si). (10.30) 

We consider equations (|10.27|) . (|10.30p . On 



i 

k 

the matrix W° is invertible. Let 



suppj + ( t^T ) n SU PPX ( h\/k' 2 e + a§(i'£ + <?) 2 



As 



rn ri2 
rai ^22 



we have to solve on supp ( jf[)) ^ supp {h 2 \fk' 2 ^ 2 + Oq(1'^ + q)' 

2 ai X + f 12 e S -1 ( s i)> (10.31) 
-2a 2 A + f 2 i e 5 -1 (Ei), (10.32) 



which can be achieved by 



ri2 r 2 i 
ai= ~2A' a2= 2A- 



In order to solve (|10.30[) we have to use the special structure of R 2 \. Indeed we have 
R 21 = ipW°. We try 



Then : 
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and therefore we can take on suppj + (ff| ) ^ SU PPX (h 2 \J k' 2 + 0,^(1'^ + q) 2 ^j : 

P 

This concludes the proof of the lemma. □ 
Lemma 10.5. We have for all t t > 0: 

V0<s<t e (e~ lsH -Op{W)Me- lsHd M- 1 Op{W*))Fl -► 0, T -> oo. 

Proof. 

We have 

{e- lsH - Op{W)Me- lsHd M- 1 Op{W*))Fl 

= ( e-" H {HOp{W)M -Op{W)MH d )e~ l{s - T)Hd M- 1 Op{W*)FldT 
Jo 

+ e- lsH {l-Op{W)Op{W*))Fl 
=: h(s,T) + I 2 (s,T). 

By Lemma TlO. 31 we have : 

h(s,T) — > 0, T — > oo. 
Using Lemmas 110.41 and 110.31 we see that the first term can be estimated by : 

\\h(s,T)\\ £ WiH^M^OpiW^Ffll -> 0, oo. 



Let 

AT± = W±(0), 

x x^yfc' 2 e 2 + a g(/'e + g) 2 ). 

We have : 



1 / \/l + a — \f\ — asign(cos9) \ . / £ 

71 V VI -asi 5 n(cos6») VI + <* / VM 



1 f —sign(cos9)y/l — a — \/\ + a \ f £ 



J2 V \/l + a — szgn(cos6')v / l — a 

x x(V V /V 2 £ 2 +a 2 ) (/'£ + 9) 



□ 



with a as in ChapterHJ Note that the matrices N± are smooth (a(r, = 1). From 
the lipschitz continuity of , g ± we infer 

(W-N)^- eS°(Ei). (10.33) 
(?) 
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Therefore by Lemma 110.31 : 



(Op(W*) - Op{N*))FZ - 0. 



Let us put 



( -1 \ 

10 

-1 

\ 1 J 



J 



Note that we have uniformly in T large : 

Op{N*)Fl = Op{Nt)Fl + ONMie-^'). 
Here we have used that the commutators 

VT^,o P (j+ (J-^\ x(^Vfc' 2 e 2 +«i? 2 )) 

etc. arc all in \& _1 (Ei). 

10.3 Study of the hamiltonian flow 

In this section we study the hamiltonian flow of 



(10.34) 



P = h 2 ^k'*e +a 2 (l't + q) 2 . 
We denote d> t the hamiltonian flow of P. Let for L > 



{f,6;(,q); || >L 



(10.35) 



{(f,8;Z,q); f> -t - L' 1 } 



Lemma 10.6. For to > sufficiently large there exist 5 > 0, Lq > s.i. for all 
L > Lq we have: 

V0 < s < i M^l n ft) C {(f, 0; £, ?); r > 2(h -8,6) + 6}. 

Proof. 

We use the coordinates (r* , 6>*, £*, g*) given by ()10. 13(1 and drop the star for 6* : 
6 = 6*. Under this change of coordinates the hamiltonian becomes : 



P* =h 2 ^\Z*\ 2 +a 2 \q*\ 2 = E = const. 
The hamiltonian equations are : 

r* - £ , 

£* = -5r,P*, 
. fr 4 agq* 

<f = -(d e h 2 )h- 2 E. 



(10.36) 
(10.37) 
(10.38) 
(10.39) 
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Multiplying (|10.39|) by q* given by Q10.38j) we obtain 



ld_ 

2 dt 



(<f) 2 = 



q*q* = -(d e h 2 )h- 6 a^ 2 E 2 e = -^{d e h i )h- 8 a^ 2 E 2 6 



Hr 2 +a 2 ) 2 ^ „ 2a , m (r 2 +<* 2 ) 2 



-(cW A cos 2 



A 



(r 2 + a 2 )' 



1 d 
2d? 



a 2 E 2 cos 2 



=H(?*| 2 = Wo\ 2 + a 2 E 2 (cos 2 8-cos 2 o ), 
in particular K — \q*\ 2 + a 2 E 2 sin 2 = const. We have 

E 2 = h i (t 2 h- 4 + 2a 2 l'tq + a 2 q 2 ) 



(10.40) 



e 

E 2 



2h 4 a 2 l'£_q a 2 h 4 q 2 



E 2 



E 2 



in particular 



E 2 



1 + 0(IT 1 ). 



Using (|10.4ip we see that 



% = <la 
E E 



a cos 9o^; — a cos9q + 0(L 1 ). 
E 



Therefore 



^ = a 2 + 0(L~i). 

These estimates are uniform for (f , 9q, £o ; Qeo) € £l nl[°. We note that 

A/C 



E 2 [ 1 



(r 2 + a 2 ) 2 E 2 



K - a 2 E 2 sin 2 0. 



(10.41) 



(10.42) 



(10.43) 



(10.44) 



Using p0.43p and (|10.44p we see that for L sufficiently large £* does not change its 
sign. We now claim that there exists a constant C(to) s.t. 



f > 1 - C(t )L-^ 2 



(10.45) 



uniformly in (fo, #0, £07 qeo) el/nfi. We first argue that (|10.45p proves the Lemma. 
By (|3.54|) we see that for to sufficiently large we have : 

z(t o ,0)<-t Q V6>e[0,7r]. 

If to is fixed in this way, then there exists 5 > s.t. 

26 



z(t,0)>-i + — yo<T<t . 

to 



We have 



f (0) - z(t , 0) > -L- 1 -t - z(t ,9) > WO e [0, tt] 
for L sufficiently large and 

- l(* - *, 0)) > ^ - C(< )L- 1/2 > f 
as to to 
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for L sufficiently large. It follows : 

f(a) > z(t - s, 6) + 6 V0<s<< - 
It remains to show (|10.45[) . We have 



f = h 4 x l- 



a 2 A 



'1- 



(r 2 +a 2 ) 2 V (r 2 +a 2 ) 2 E 2 



a cos — q 



E 



= l + Wi- 



(r 2 + a 2 ) 2 



1- 



(r 2 + a 2 ) 2 E 2 



-4 1- 



i 2 A 



( r 2 +a 2)2 



a cos 6h 4 a,n ( a cos ( 



where we have used (|10.43l) . It is therefore sufficient to show 



a cost 



E 



— a cos ( 



= 0{L 



-l/2x 



We distinguish two cases 



1. VO < s < t cos 2 0(a) > L" 1/2 . 
2. 30 < s < < cos 2 6(s ) < L~ 1/2 , 
s ^0=> cos 2 0(a) > L" 1/2 VO < s < a . 



(10.46) 



(10.47) 
(10.48) 
(10.49) 



We will treat only the second case. The first case can be considered in some sense as 
a special case of the second one with s =t . We first suppose s > 0. From (|10.42p . 
(|10.49p we infer : 

signqy — sign(cos9o) 

for L sufficiently large and from (|10.49[) we infer, using also (|10.43[) and (|10.44[) . that 

|<f | 2 > a 2 E 2 L- x / 2 (l - OiL- 1 ' 2 )) > 

if L sufficiently large. Therefore 

sign(q* (a)) = signcos0(s) V0 < s < sq 

because neither q*(s) nor cos0(s) can change its sign on [0, so]. We find with (|10.43l) . 
HI} : 



V0 < a < s 



E 



sign(cos 9) yja 2 cos 2 9 + C(L _1 ) 
OiL- 1 ' 2 ) V0 < s < s . 



We now claim that 



Vs < s < < cos 2 0(a) < C{t )L- 1/2 . 



(10.50) 
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Indeed using (|10.38jl . (|10.43|l and (jl0.44j) we can estimate 



d I 
—a 2 cos 2 6 = -2a 2 cos 6» sin 6*0 < 2aA 1 \ cos0U/— r - a 2 sin 2 i 
at V E A 

< 2a 2 A lC os 2 e + 0{L- 1/2 ), 
where A\ :— max r > r+ h^a^a. By the Gronwall lemma we obtain : 

2 ft < [' JM>^)n(TrV*\d-r + t M'-('-«>) t -n* > t 



cos' 9 < / e^ s - T >0{L- L ^)dT + e ^ s - s °> cos 2 0(s o ) 

J so 

< C(t )L-^ 2 . 



(|10.50|) follows and therefore : 



|acos0| = C(L" 



0(I/ _1//4 ), 



i.e. (|10.46j) . If s = we can start with (|10.50p . □ 

10.4 Proof of Proposition 110.11 

Let us first show the following lemma : 
Lemma 10.7. 

V7V,i? > 0, 3C N . R > 0,t > 
Vi £ > t 35 = 8(t e ,N,R) > 0,T o = T {N,R,t e ) > 0V0 < s < t e , T > T 
||(1 - - z(f e - S ,0))e-^^|| < C w , fi e- K +^. 

Proof. 

Because of the finite propagation speed we can replace 1 — 4>${. — z(t e — s, 9)) by 
Xe(l " ~ z{t t - S, 9))) With Xe € s.t. 



r o f 

Xe(r) = I 1 f 



f < -4i e 
> -3L 



By the results of the preceding sections it is sufficient to show : 

Xe(l ~ <t>s){- ~ z(U - s, 9))e- lsH *Op{Nl)Fl -> oo, T — > oo. 
Here we have used ()10.34|) and that 

[ X e(l - - «(t e - s, 9)), Op(W)M] e *- 1 (E 1 ). 



Using Lemma 110.31 we can replace Op(N'^_)F^ by Op (nZ-Xl ( f )) ^0 with xl S 

1 |x| > 2L 
\x\<L 



Xl{x) 



1 As in the definition of W{t,0,£,q), x{h 2 ^k' 2 £? + ag(i'£ + g) 2 )xi (|f |) 
smooth function. 



can be extended to a 
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Let Xe € Co°(K) and 

X c = 1 on suppi^, 

X c = on (— oo, — t t — L^ 1 ) 

for all T > To- By [30, Proposition 18.1.26] we have for all / G L 2 (E x [0,tt]): 



Op j 



191 



X {h 2 ^k^e+al{l'i + q)^J XL ( |)) Xef 



C {(f.wtf.g); r> -i £ - |£| >L\q\,£>0}, 



(^Op (j_ I ^ J x (h 2 ^k' 2 e + a? (l'Z + q) 2 j xl 
C {(r,w;^g); f > -te-L" 1 ,!^ >L|g|,C<0}, 



where Wi 7, denotes the wave front set (see [30, Chapter VIII]). Then by the clas- 
sical results of propagation of singularities (see e.g. [5U1 Theorem 26.1.1]), Sobolev 
embeddings and Lemma 1 1 . 61 we find that the operators 

Xe(l - <M(. ~ z(s,6))e-^Op (j+ (if,) x (h 2 Vk' 2 e+al(l^ + q) 2 ) X L (|§ |)) XePl4, 

Xe(l - </>t){. - 2( S ,e))e-^Op (j_ X (fcV^+OoC^ + ff) 3 ) XL (|f I)) X«ifc 



are compact for L, i c sufficiently large. The lemma now follows from Corollarv llO.il 
and the observation that : 



(Fl) 2 ,3=0, {Op{{NZ)*)Fl) lA = 0, XeF t T = Fl 



for T sufficiently large. 



□ 



Proof of Proposition 110.11 

We first show that: 

\\(u(o,t t ) ^ M- - Ho,e)))e- lt ' H )FF\\ < c N Mt t e- K ^ 



(10.51) 



uniformly in T large for 8 sufficiently small. Let <fis(-,t) — <fis{- — z(t,6)). We define 
for g = P 1A g E U : 

v(t,r,Lu) = (u(t,t t )-Mty (t ~ t < )H )g- 

If suppg C (z(t e , 0) + 5, oo) x S 2 , then v is a solution of : 

v(t e ,f,u>) = 0, 

d t v = iH t v + h(t) r>z(t,9), 
E^^l^'MMM)^) = -iv(t,z(t,0),u), 



where 



Thus : 



h(t) = - 



<t>B{t))+[^H] S je i ^ H g = B{t)g. 



v(0) 



U(0,s)B(s)gds. 
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We obtain by Lemma l"l 0.71 for S small enough 



\\(U(0,t e )-M0)e- lUH )F ( 



< 



\B{s)Fl\\ds<C N , R Ue 



uniformly in T large. We now estimate for e > given : 



\\J{f)U{0,T)f - 4> s {. - z(Q,9))e 



-it e H pT 



< 



< 



\J(r)U(0, t e )(U(t e ,T)f - U^(t £ ,T)QZf)\\ 
\J(r)U(0,Q(U^(t e ,T)(ClZf) 



it € H\ 



- t\N 



mzf) 



\j(f)(u(o,t e )-M--mo))e- tt - J1 )K\\ 

\J(f)U(0, t £ )(l - J(f + t t ))U(t c ,T)f\\ 
\J(f)U(0, t e )(l - J(f + t e ))U^{U,T)SlZf\\ + e/3 



(10.52) 



fixing first N, R and choosing then t e ,T sufficiently large and 6 = S(t e ,N,R) suffi- 
ciently small. Here we have used Proposition 19.11 Lemma 1*10.21 and (|10.51[) . We now 
claim that for t e fixed the first two terms in (|10.52|) go to zero when T goes to infinity. 
Indeed 

J(r)U{0, t e )(l - J(f + t e ))U(t e ,T)f 

= j(f)u(o, t e )(i - j(f + u)y^- T ^ H f 

= J(f)U(p,U){l - J(f + < e )) e l ( t - T ) if l(_ co , 0] (P-)/ 
+ J(f)U(0,t e )(l - J(f + t e ))e^- T ) ff l [0:Oo) (p-)/. 

We can suppose / = \{H)f, \ e Cq°(]R), suppx C {— m + rf l , m + 77"}. By the mini- 
mal velocity estimate we can replace l(_oo,o)(P~) by l(„ 00i _ £x )(P _ ) and l[ 0)OO )(P~) 
by l[i_g j00 )(P _ ), where e > and e x is given by Lemma fB~21 But, 



lim J(f)U(0,t e )(l - J(f + t e ))e^- T ^l ( _ 00j _ ex] (p-)/ 



= TM^J(f)U(0 ) t e ){l-J(f + t e ))l( i - 



e Ku-T )Hf = 



by the finite propagation speed for U(0, t e ). In a similar way we find 
lim^JirMO^il - J(f + t e ))e i ^- T ) ff l [1 _ g)0o) (p-)/ 

e i{U-T)H = 



T lim J{f)U(0, i e )(l - J(f + t e ))l {1 _- e>oo) 



t r -T 



because (1 — J(r + ie))l[i_e )00 ) ( t € -T j = ^ ^ or ^ sufficiently large. The second term 
can be treated in a similar way. This concludes the proof of the proposition. □ 
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Chapter 11 

Proof of the main theorem 



In this chapter we put the results of the previous chapters together to prove the main 
theorem. Recall that we are working with the operators H^l? etc. and that the indices 
are suppressed. All operators are considered as acting on H n . 

11.1 The energy cut-off 

In this section N, R > will be fixed. Let 

Eq = {(f,w); f < z(0,6)}, Ho = (L 2 (Eq , drdu)? . 
On Hq we define 
Hq = H, 

D(Ho) = {u e Ho; Hu e H„; E Ae{(t ^ )} A^7 A *(i(0, 6), w) = -itt(O,*(O,0),w)}. 
We need the following 

Lemma 11.1. (i) Let e C°°(M x S 2 ), <9 f< /> e C^(M x 5 2 ), = on Eq , x € 5°(R). 
Tften (x(Hq i?o) — x{H))4> * s compact. 

(ii) Let cj> e ^(Eo), x e S _1 (R). T/ien x(-Ho~ © #o)<£, x(-H> are compact. 

Proof 

(i) We write x( x ) = x( x )( a; + *)> X € <S _1 . We have as an identity between 
bounded operators : 

x(h - H o )0 - x(# ~ © ffo)(ff + 00- (n.i) 

Therefore : 

( X (H Q -®H )-x(H))ct> = (x(H -®H )-x(H))(H + i)4> 

= (x(Ho®H )-x(H)MH + i)<t> 
+ (x(Ho®H )-x(H))[H,4>]cP, 

where (f> <G C°°(R x S 2 ), </></> — <fr, <fi = on Eq . We only show that the first term is 
compact, the second term can be treated in a similar manner. Let x be an almost 
analytic extension of x with 

X \ R = X, ViV \Bx(z)\ < C N \^z\ N (^z)- 2 - N , supp X C {x + iy- \y\ < C(x)}. (11.2) 
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By the Helffer-Sjostrand formula we can write : 
(x(Ho®H )-x(H))4>(H + i) 

d X (z)((z - Hq ©' Ho)- 1 -{z- H)- 1 )^ + i)dz A dz. (11.3) 



This identity is first understood as an identity between operators D(H) — ► Ti. Now, 

8x(z)((z - ff - e ffor 1 - (« - h)- 1 )^ + i) 
= Bx(z)((z ~ Ho © Ho)" 1 ^ - - h)- 1 + {z- ff - © ffor 1 ^, - ff) - ' 

- 4>(z - H)- 1 - (z - Hy^H, 4>}(z - H)- 1 )^ + i) 

= Bx{z){{z - H © Ho)- 1 ^, 4>]{z - H)- 1 -(z- H)- 1 ^, $\{z - H)- 1 )^ + i). 

Both terms are compact and can be estimated by C(x)~~ 3 according to (|11.2|) . This 
shows first that the identity (|11.3j) can be extended to an identity between bounded 
operators and then that the operator is compact. 

(ii) The fact that x(H)(f> is compact follows from the estimates (|4.43[) . (I4.44[) and 
the same arguments as in Corollary 4.2]. This entails that x(Hq © Ho)4> is com- 
pact by part (i) of the lemma. □ 

Let now 8 = 5{t t ) and 4>s be as in Proposition llO.il <fis(r, 0) — <fis(f — z(0, 8)) and 
Xi,X2G C°°(R) s.t. 

f 1 \x\ < I + 77, f s J x< 1 + 7/ 

and s.t. for all x > + X2( a; ) = 1- Here and in the following r\ — r\ n . Then 

we have by Lemma 111.11 and Corollary 110.11 : 

Km \\xx{HSse- iuH Fl\\l = 0. (11.4) 

1 — >oo 

Indeed we can replace (f>s by a compactly supported function using the support prop- 
erty (|10.2p of F t T . Furthermore we have : 

\\X2(H )foe- U * H FZ\\ - \\xi(H )4> s e-^ H F£\\ 

< \\l [VtOo) (H )4> 5 e- u * H F£\\ 

< || X i(ifo)^e-^*FOo 

+ ||x2(^o)^e-^ ff i^||o. (11.5) 
Using (|11.4[) . (|11.5p and Lemma Til. II we obtain : 

lim \\l [VtOo) (HSse- iUH Fl\\ = lim WxaW^e'*^ 11 F^\\ 



= lim \\x2iHo (BH o )^e- n ' M (0®Fl)\\ 

1 — >-oo 

= lim \\ X 2{H)^e-^ H Fl\\. (11.6) 

1 — >QO 



Lemma 11.2. Let x € S (R), / G D((p s2 })- Let x be an almost analytic extension 
of x with : 

xk = X, ViV \B X (z)\ < C N \^z\ N (nz)- 1 - N , suppx C {x + iy; \y\ < C(Kz)}. 
Then we have : 

(X(H) - X [Hj))f = j B X (z)(z - H)-\H - Hj){z - Hj)~ l fdz A dz. (11.7) 
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Remark 11.1. Note that neither 

Bx(z){z — H)~ l fdz Adz nor J Bx{z){z - H^y 1 fdz A dz 

is convergent in Ti., but the R.H.S. of |il.7| ] is. 
Proof. 

Let xo G Cq°(M.) w ith xo = 1 in a neighborhood of and Xo"{ x ) = Xo (— ) ■ Let 
Xo G (C) be an almost analytic extension of xo with : 

\8xd\<C n \$Sz\ n ViV. 

Then Xo (~) is an almost analytic extension of x™- Clearly 

hm x(H)Xo(H).f = x(H)f, lim X (H^) X ™(H^)f = X (H^)f. 

m — >oo m — >oo 

We have 

X (H)xo(H) = J 8 (x(z)xo (£)) (z ~ Hy'dz A dz (11.8) 
and the R.H.S. of (|11.8[) is convergent in norm for all m. Therefore : 

(xW(ff)-xWtf(fl.))/ 

= / ^(x>)Xo(£)) {z-H)- l {H-H^){z-H^)- l fdzf\dz 

= J (9 X (z))xo (£) (z - H)~\H - Hj)(z - Hj)- l fdz A dz 

+ f x(z)(8 X o) (-) ~(z- H)-\H - Hj){z - H^)-\fdz A dz =: h + I 2 . 

We have : 

\\m*)Xo (£) [z - H)~\H Hj){z H^f\\ < (x-)- 3 ||(^)/ll 
uniformly in m and for all z G C\ (o~(H) U a(H^): 

(dx(z))xo (^) (z - H)-\H HJ){z Hj)~ x f 

-> (B X (z))(z - H)-\H - Hj)(z - H^)-\f. 

Then by the Lebesgue Theorem 2j converges to the R.H.S. of (|11.7p . The change of 
coordinates u — gives : 

1-2 = I m X (um)B X o(u)(um — H)^ 1 {H — H^)(um — H^)^ 1 fdu A du. 



As x(z) is bounded we can estimate : 

\\mx(um)Bxo(u)(um — — H^){um — H^)~ 1 f\\ 

< |^^||(^)/|| = »^i^0,m^oo. 

Thus 

I2 —* 0, m — ► 00. 

□ 
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Lemma 11.3. We have : 

Ve > 03t > 0Vi e > t , 3T = T (t e ), VT > T 
\\\X2(H)^ [tt) e-^ H Fl\\ - ||l [0iOo) (^)^||| < e. 

Here 5(t e ) is chosen as in Provosition 1 1 0. I\ 

Proof. Using Lemma Tl 0.71 we see that : 

Ve > 03t > 0Vt e > t , 3T Q = T (t e ), VT > T 
\\\X2(H)4> s{u) e-^ H Fl\\ - \\ X2 (H)e-^ H Fl\\\ < e. 

We then have to show that : 

(X2(H)- X 2(H^))F£^0,T^0. (11.9) 

To this purpose let x.2 be an almost analytic extension of \2 with : 

Xak - X, V7V \dx2{z)\ < C N \^z\ N (diz)- 1 - N , sup PX 2 C {x + iy; \y\ < C(x)}. 

Then we have by Lemma 111.21 : 

( X 2{H) - X2(H^))Fl 

= J 8x2{z){z- H)- 1 ^ - H^)(z - H^)- l F£dz f\dz 

= J Bx 2 (z){z -H)~ 1 (P U + W){% 2 )-\z - H^)- x {p s2 )F£dz A dz. 

By Lemma 1 10. 31 we find : 

(z~H^)- 1 (p s2 )Fl-,0, (11.10) 

and we have 

\\BUz){z-H)-\P^W){z-H^Fl\\<{x)^\\{% 2 )Fl\\. (11.11) 
Equations (jll.lOj) . give ([TO)) . Therefore we have : 

lim \\ X2 {H)e-^ H Fl\\ = lim \\ X2 (H^)e- a ° H - F£\\ 

i — »co i — ►oo 

= lim || X2 (^)F T ||= Hm | |l [0iOo) [HJ)F$\ |. 

i — >oo 1 — >oo 

In order to replace X2(H^) by l[ 0jOO )(-ff^) we use the same arguments as before. □ 

11.2 The term near the horizon 

We first compute the radiation explicitly for the asymptotic dynamics : 
Lemma 11.4. We have : 

lim \\l [0>ao) (H^)I$\\ a = (f,e% B - (l + e^M" 1 /). 

1 — >oo \ / 
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Proof. 

The proof is analogous to the proof of Lemma VI. 6]. We repeat it here for 
the convenience of the reader. Let T be the Fourier transform with respect to f. We 
have : 

||l[p l00) (fl_)fjni a 



f r V(F T xoi 2 d^ 

Js 2 Jo 

2 

y lim f A(8) K+ r [ e^ Mo '>+^ +V Idy 
^ £ ^o+ Js 2 Jo Jm 

f i im / Ma± [ 

f-r £^o+ Js 2 2 J m 



d^dui 



3=1 
2 



SxK ecosh(^t(j/i -i/2)) -iA(0) sinh (^(1/1 -3/2)) 



fj(yi)fj(y2)dyidy 2 



J" 



cosh (^jp) - iA(0) sinh (^) 



Now given e 7^ 0, £ < and N, M > 0, we evaluate 



l(x)dx, l(x) 



eC0S h(^) -ti(0) sinh (5±2)' 
along the path 

{—TV < 3?a; < N, %x = 0, M) U {0 < 3a; < M, $lx = ±N}. 
First we have : 

r±N+iM 



±N 

N+iM 

—N+iM 



l{x)dx 
l(x)dx 



< e-'^ N I e x ^dx -> 0, N -> 00, 



<e M « / e-^'da; -f 0, M 



We deduce that 



/oo 00 
Z(a:)cfa; = 2m Pn(e), 
-00 „ 1 



where p n (e) are the residues of l(x) at the poles z n (e) E {z E C; 3z > 0}. We easily 
check that : 

z «( £ ) = % ( n7T ~ arctan (im)) ' 
suPi<„ |Pn(e) - 
hence we get that for £ < we have 



A(9)k h 



(-l)"e^f f | < e, 



(0-— e<H-Ml + c»+ € 



v ecosh(^) -M(6»)sinh(2±2) / A(fl)/s+ 

In the same manner, for £ > 0, choosing M < and considering the poles 
Zn(e) € {z £ C; 3z < 0} we obtain : 

JZo l ( X ) dx = 2i7r En" Pn(e), 



< 



sup„< \Pn(e) 



A(0)k. 



-(-l) n e K +'|<£ 



T 



S h(^±^)-i4(e)sinh(^±^) J ^' A(0)k 



1 + e K + 



< 
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Eventually we conclude that 



and 



\0-iA(9)smh(?±x) ) k+ V 



\l [0>oo) (H^\\ 2 = / [e 2 ^fi + e -^) 1 \F{fi){M\ i dt&> 
= (/.e^fl + e^)" 1 /). 



□ 

Proposition 11.1. We have : 

lim \\l lVlOo) (H )JU(0,T)f\\% = (il^f,e% B ~ (l + e^M"* 0~ /). 
Proof. 

For e > given we estimate : 

I ||i[„,«o (Ho)ju(o, T)i\\l - (n- /, e CTff - (i + e CTH -) _1 n- /) I 
< ||(n-/)2-n-/||||n-/|| 

+ |||l [lJ ,oo)(ffo)Jl/(0,r)/||g - ||i h>oo) (ff )&e^ ff i£|| 2 | 
+ |||l h)Oo3 (iJ )^e^ H F^|| 2 - ||l [0>oo3 (^)F T || 2 | 

+ |||l [0>oo) (fl^)i^|| a - (/, e CTff - (1 + e^-y 1 f)\ =: h + I 2 + I 3 + 7 4 . 

Here (5 = <$(i e ) as in Proposition llO.il We first choose Ro,Nq > s.t. 

VN>N ,R>R h<e/A. 

Using Proposition HED we can fix iV > iVo, # > #o, U > 0, <5 = 5(i e ) > and T > 
s.t. 

VT > T h < e/4. 
By choosing To possibly larger we have : 

VT > T J 3 < e/4. 

Here we have used Lemma 111.31 and (|11.6JI . Note that the same t e can be chosen 
for the estimate of Iz- Indeed in both cases we use Lemma Tl 0.71 The parameters 
N, R,t e ,S being fixed in this way we conclude by noting that I 4. — > 0, T — > 00. □ 



11.3 Proof of Theorem [EH 

We start with the following identity : 

||l h!0o) (ffo)^(0,T)/|| 2 
= ||l [)Ji<X)) (flo)^(0,r)/||g + \\l Hoo) {H ){l - J)U(0,T)f\\ 2 
+ 2M{l [ntOc) (H )(l-J)U(0,T)f,l [ntOc) (H )JU(0,T)f). (11.12) 
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In order to prove that 

(l [ViBO ) (H )(l - J)U(0, T)f, l [Vi00) (H Q )JU(0, T)f) -> 0, T oo 
it is enough, by the results of the preceding chapters, to prove 

(l[„ )Oo) (£r )(l - J)U{Q,T)f,l %oo) {H )4> 5 e-^ H Fl) -> 0, oo. 
Note that 

lfo,oo)(flo)(flb + i)- 1 ^e" it - H i^ -» 0, T -> oo. 

Indeed 



l h)0o) (if )(ffo+i)- 1 ^e- it « J? if 
= l fei0o) (flb)(flo + + i)e- iuH (H + iY^I - 0,T - oo. 

It is therefore sufficient to show that for all /gW 1 the following limit exists : 



lim (flo + i)e iTHo (l - J)e- iTH f. 

T — *oo 



But, 



(#0+0^(1-^-*™/ 

= -e- l ™« [H, J]e~ iTH f + e lTH " (1 - J)e~ iTH (H + i)f 
= -J™^J'e- iTH f + e lTH °{\ ~ J)e- lTH {H + i)f. 

The first term goes to zero because a sc (H) = and the second term possesses a limit 
by Lemma 16.51 By the same lemma we find : 

lim ||l h)Oo) ( J ff )(l- J)U(0,T)f\\ = ||l [lJ ,oo)(ffo)W -/|| = ||Wo-l [f ,, 00 )(fO/ll 

= \\l R -(p-)l [rhx) (H)f\\ 
= ||l [7))0o) (#)l K -(P-)/||. 

This concludes the proof of the theorem. □ 
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Appendix A 

Proof of Proposition 18.2 



We will work with the (r*, to) coordinate system. For technical reasons we need to fix 
the angular momentum D v — n. Let dub = sin 9d9, 

H n = {u = e mip v;ve(L 2 (Rx[0,ir},dr*dCj)) 4 }, 

H n t = [u = e m{p v- v e (L 2 (t c t ol ^,dr,dCj))^ , 

f%*» = {(r„0)eRx[O,7r];r.>a<(t,0)}. 

We define : 

p := hfy, h + V n , (A.l) 

■■= ^D rt +a r\D e + ^) + a r 3 ^- + b r» + c n , (A.2) 

Z sm a 

n nl = D(p u ' n ) = {u e n n - p v,n u e n n } 

Recall that the singularity sin 6 = appearing in the expression for y) 5 is a co- 
ordinates singularity. The operator Jft is the operator acting on 7i 7 t l with formal 
expression JZ> and domain: 

Uf := D{$ n ) 

e H?: f)"« G Hl\ N^u{z{t, 9), 9) = -iu(z(t, i 

pie{t,r,,8,tf>} 

The extension [..] H is defined in an analogous way to Section r4.5l as an extension from 
H™ 1 to H nl . We consider the following problem : 

~v.n 

dt% = Ufa r*>z(t,6) 
E^ {t ,r m ,e, v }Msy**&*WW) = -i*{t,z(t,0) t e), } (A.3) 



Proposition 18.21 follows from 

Proposition A.l. Let ^ s € D [lp s ). Then there exists a unique solution 
M-)T H = [U"' n (.,s)* s }* H £ C 1 (R;« n )nC(l;H Bl ) 
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of iTO)j s.t. for allteR G D(|) t ' ). Furthermore we have \\^(t)\\ = ||* s || and 
U u,n (t,s) possesses an extension to an isometric and strongly continuous propagator 
/rom to H t ™ s.t /or a// <f s G £>(Fj s ) we have : 

Note that in Proposition 18. 2[ there is an additional statement about the finite 
propagation speed which follows from is supposed to be a solution of (|8.14[) ) 



d 
~dt 



( ( \*(t,f,u)\ 2 dr(Lj = 21 R+ (a-t)/ (|* 2 | 2 + |* 3 | 2 )dw 

JS 2 JR+\t-s\ JS 2 

- 21 R+ (i-a) f (|*i| 2 + |* 4 | 2 )^. 
Js 2 



Proof of Proposition IA.1I 

We will drop the indices v, n in what follows. 

• Let us first show uniqueness. If \& is solution of (|A.3| . then we have 



d_ 

dt 



7T pOO 



m 2 dr*dw 



Jz(t,8) 



z(t,6)\y\ 2 (z(t,6),9)duj 
2K(ij4#,*) = 29?(i$^#,*) = 0. 



Here ~Sf) t := i-D r „ + ~Sf) t is selfadjoint with domain K™ (see Lemma l4~2~ 



Let us now prove existence. We introduce the operators 



R(t) 

N 
T 

[T(t)f]{r*^) 
We remark that 



(N 2 + Z\ - Z 2 )- 1/2 



( N 

N 

Zi —Z'2 

\ -Z 2 z x 

w^ 1 , Z\ — h 2 + z, Z2 = aoh 2 dgz, 
Ho 3 f ~ T(t)f G H u 
f(r.-z(t,6) + z(p,0),u). 



-Zi -Z 2 \ 

—Z2 —Z\ 

N 

N j 



R- X {t) = {N 2 + z 2 -z 2 2 y 1 ' 2 



( N 


V z 2 



Q 

N 
Z 2 



Zi z 2 \ 
Z 2 Z\ 
N 



-Z x N J 



Furthermore we notice that 



T G C^R^CdC^Rr. x [0,Tr}))\(C°(R r , x [0,^])) 4 ), 
t(i) = -z(t,6)T(t)d r ,. 

Then it is a solution of our problem iff w(t) — R~ 1 (t)T~ 1 (t)u is solution of 



d t w = iA(t)w, r*>z(0,6 
life (t, *(0, 0),w) = u> 3 (t,z(O,0),w)=O, 



(A.4) 
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where A(t) = R- 1 (t)T- 1 (t)(p+ zD r ,)R(t)T(t) - iT^t)^). We first need to 
analyze A(t) for fixed t. We put 

D(A(t)) = {ue Ho; A(t)u G Ho, u 2 (z{0,6),u) = u 3 (z(Q,6),w) = 0}. 

We equip D(A(t)) with the graph norm of A(t). The operator (A(t), D(A(t)) is 
selfadjoint (see Lemma B~2"|) . Let 

a n cotd 
da := Dg 



2i 

We first note that the domain is independent of t : 
MtD{A{t)) = D 

:= {u G H \ D r u G Ho, d e u G Ho, u 2 {z(0, 9), 9) = u 3 (z(0, 6), 6) = 0} 

and the graph norm of A(t) is equivalent to the norm 

\\u\\ D = \\D r „u\\ + \\aod e u\\ + \\u\\. 

This follows from the following estimates : 

V«GU(A(t)) ||Dr.«|| < m(i)«|| + ||u||, (A.5) 
VueD{A(t)) \\a dgu\\ < \\A(t)u\\ + \\u\\. (A.6) 

To show (|A.5|) , (|A.6j) we introduce the operator f) which is obtained from JZ> by 
evaluating all functions in the definition of p at (r* + z(t, 9) — z(0, 9), 9). Then 
we have 

A(t) = J? -1 (t)(|) + zD r jR(t) - R^i^Rit). 
For u regular enough we estimate 

P(*HI £ p t i?(t)u||-max|i(i,6»)|||L) I . t i?(i)u||-C||u|| 

> \\y)R(t)u\\ - (i - *)||D P ,ie(t)tt|| - c||«|| 

for some < 8 < 1. We henceforth drop the subscript t. Let v := R(t)u. 
The first term on the R.H.S. in the above inequality can be estimated in the 
following way : 

\\$v\\ 2 > \\h 2 D r ,v\\ 2 + \\h 2 a {D g + ^)v\\ 2 + 2m - C\\v\\ 2 



ith 

I = 

/0 Jz(t,0) 



pTT pOO r>r\4- 

1=1 \ (ha T 2 (Dg + )hv,hT 1 D rt hv)dr*dCj. 

Jo Jzit.e) 2 



We have : 

21 



- J\ha T 2 (de + ^^j hv,V 1 h 2 v){z{t,6),6)d£) 

p7T pOO / 

/ / {T l d r yaoT 2 (d 6 

JO Jz(t,6) \ 



cot ( 



hv, hv)dr*duj 



{dgz){hv, ha r 2 hr 1 d rt hv)(z(t, 9), 6)dw 
/ / {hv, a a T 2 dg + —— tf^dr.hvjdr+du. 

Jo Jz(t,6) V 2 / 
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Therefore 

2m = 



(ha a T 2 ( dg + ^ ) hv, T 1 h 2 v)(z(t, 9), 6)du> 



+ » / (dgz)(hv,h 2 a r 2 T 1 d r ,hv)(z(t,9),9)dw 

- 23?^ J ^|/ir 1 £> r ./i,/ia r 2 ( D e + ^J 2 
=: B + AC. 
We first estimate the boundary term. We have : 

B = n f (ha T 2 hv,T 1 d e ({hv)(z(t,9),9))}(z(t,9),9)du), 
Jo 



h>v,hv) dr^dui 



where dg = dg + Recalling that 



hv(z(t,6),9) = 



( I N Ul -Z 2 u A \\ 
—Z\U\ 

\ -Z 2 u 1 + Nm ) J 



Nh 



(z(t,9),9) 



with N = (N 2 + Z\ - Zi)- 1 / 2 wc find 

B > -C|l«ll(L2 ([0 , vr ])4 

/ Nui - Z 2 u 4 \ 



— Z\U4 
\ -Z 2 ui + Nu A J 



f Ndg( Ul ) - Z 2 dg(u4,) \ 

-Z\d e {ui) 

_ Zidg^m) 

\ -Z 2 5 e (u 1 ) + Nd e (u 4 ) j 



Here d$(uj) stands for d$(uj(z(t, 0), 9)). The term under the second integral in 
the above inequality equals 



f Nu\ - Z 2 u\ \ 



N 2 ( h 4 a 



Z1U4 

\ -Z 2 u 1 +Nu i J 



( Z x b e {u i )_ \ 



Ndg(u x ) - Z 2 dg(u 4 ) 
Z 2 dg( Ul ) - Ndg{ Ui ) 
V Zi0 fl (ui) / 

= N 2 (h 4 a (N Ziuidg(ui) — Z 2 u 4 Z\dg(u 4 ) — Z\u±Ndg{u\) + Z\Z 2 u 4 dg(ui) 
+ Z x Z 2 u x d e {ux) - Z lUl Ndg{u A ) - Z 2 Z 1 u 1 dg{u 1 ) + NZhh&oCui))) = 0. 

Thus 

B > -C\\u(z(t,9),9)\\ {L 2 {[0M)) *. 
By the usual trace theorems we find : 

B > -C\\u\\ H1/2(K oi, V) > -e(\\D r ,R(t)u\\ + \\a dgR(t)u\\) - C e \\u\\. 
Let us now consider the anticommutator: 

{hT 1 D r ,h, ha T 2 dgh} = h([D r , , tfa^T^dg + a [dg, h 2 ]^ 1 D r ,)h. 
Thus : 

AC > -€(\\aodev\\ + \\D r ,v\\) - C € \\v\\, e > 0. 
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Gathering everything together and using h 2 > 1 we find : 

\\A(t)u\\ > (1 - £)(|jU r .i2(t)«|| + ||aod«i2(*)«||) 
- (1 - 8)\\D r ,R(t)u\\ - C e \\u\\ 
> {6 - e)\\D r ,u\\ + (1 - e)\\a d e u\\ - C e \\u\\, e < 8. 

Recall that we have dropped the index t. But clq < <Zq < ag. The above inequal- 
ity proves (|A.5|) , (IA.6p . The operators (A(t),D) are selfadjoint and the family 
{(iA(t), Z?)}t S R is a stable family in the sense of Definition 5.2.1]. We want 
to check that for v S D, t >— > is continuously differentiable. We have 

A(t + 6)- Alt) 
8 V 

= \{R-\t + 5)$ +d + zD rt )R(t + 5) - R- 1 ^)^ + zD r JR{t))v 
o 

- (R-^^RitjYv + oid) 

R- 1 (t + 8)-R- 1 (t),~t+s rN 
= ; — (0 + zD r )R(t + 8)v 



+ ijr^tXp*^ + zD rt )R(t + 8)v 
o 

- iiZ-^tJfp* + iL> r )i2(t)« - (R-^^RWv + o{5) 
o 

R- 1 (t + 8)-R- 1 (t) ,~t+s rN 
= ; — (p + zD r )R(t + S)v 



~t+S ~t 

+ Rr l (t)^- — f-T-R(t + 8)v 



+ R-\t)(0 + zD r J R{t + 6) ~ R{t) v - (R- l (t)R(t))'v + o(8) 

o 

= : if + 4 + 4 - (R-Ht)R(t))'v + o(8). 
Here and henceforth a prime denotes a derivative with respect to t. Let 

h ■= (i2 _1 (*))'CP* + zD r ,)R(t)v, 

h ■= R^WQ?) +W r ,){R)'{t)v. 

~t ~t 
The operator (JZ) )' is defined by differentiating JZ) formally with respect to t. 

Let us first consider the second term. We have : 
'Pun D -i,w*S 



< \\R- 1 (t)$)'(R(t + 8)-R(t))v\\ 



lR -i {t j y> v> _ ( gy)i?(t+^n 



T 

< ||U r .(i2(* + <5) - #(t))«|| + |Kde(ii(* + 5) - fl(t))«|| 
+ o(8) | |iT 1 (£)d i?(i + S)v\\ + o(8)\ |iT 1 (t)D r , R(t + 8)v\ 

< o(8)\\v\\ D . 
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Here we have used that ao > e on [0, oo) x [0, ir] as well as the estimates (|A.5|) . 
(|A.6() . The other terms can be treated in a similar way. We find : 

||l/-/j||<0(*)|M| D ,l<J<3. 

This shows that t i— » A(i)v is continuously differentiable. We can therefore use 
Theorem 5.4.8] to find a strongly continuous propagator S(s,t) on Hq s.t. 
for / G D, S(t, s)f £ D is a strongly continuous differentiable map from K t x R s 
to 7Yq satisfying : 

±S(t, s)f = A(t)S(t, a)f, ±S(t, s)f = -S(t, s)A(s)f. 
at as 

The propagator 

U(t,s) = R{t)T(t)S(t,s)R- 1 (s)T- 1 (s) 
has the required properties. 

□ 



Appendix B 

Penrose Compactification of 



The Penrose compactification is usually obtained by a construction based on the 
PNG's. We present here an analogous construction based on the SNG's. In order to 
emphasize the analogy with the PNG construction we name the different coordinate 
systems that we introduce as in the PNG case. We will suppose a > 0. The PNG 
construction is explained in detail in [12] ■ 

B.l Kerr-star and Star-Kerr coordinates 

A part of the construction of this section can be found in 26J for the Kerr case. We 
will suppose E — 1 . Let f be as in Chapter [3l The star-Kerr coordinate system 
(% r, *9, *if) is based on outgoing simple null geodesies. The new coordinates *t, *9 
and *ip are of the form 



block 




't = t-r(r,6), *ip = <p-A(r), *9 = 9 t (r, 6) , 



where the function A is required to satisfy 



A#(f) = »^"' « L t B(r) = (r a + a 3)fe'( r *(r)). 




The function 9^ is defined in the following way. Let 




For later simplicity we define : 



F = 1 + tanh(a) sinfl", 
Then the function 9^ is defined by 



G = tanh(a) + suitf". 



9 



G 



(B.l) 



sin 



F 



We note that 



cos 2 9 = 




(B.2) 
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The important property of the coordinate system (*t, r, *9, *(p) is that 

*t = *lp = *'e = 

along outgoing SNG's with the correct sign of 9' . Therefore we have : 



N a,+ = T l±± l J dr 
P 2 



in this coordinate system. We find 



d9 = a'cos9dr + ^ s d*9, 

dt = d*t+^dr + *z^d*6, } (B.:-{| 
dip = d*ip + A' (r)dr. 

Using (|B.3| we can rewrite the metric as 

Q 2 -2Mr\ „ 2 o 2 „ , / Q 2 -2Mr\ acos*6 

+ = d*t 2 + 2^-d*tdr + 21 + - - — ^d*td*9 

p 2 J B \ P 2 J F 2 cosh 2 a 

(2Mr - Q 2 )G 2 ^ r 2 p 2 F 2 cosh 2 a + a 2 (2Mr - Q 2 ) cos 2 *9 # 

La r— ^ a ta u> -. a a 

P 2 F 2 v p^F 4 cosh 4 a 

a 2 (2Mr~Q 2 )G 2 cos* 9 nn „ a 2 G 2 „ , 

2—^ -^-o d*0d*tp 7r=z<Ftp. (B.4 

p 2 F 4 cosh 2 a ^ p 2 F 2 y V ' 



The expression (|B.4|) shows that g can be extended smoothly across the horizon 
{r = r + }. Besides, it does not degenerate there since its determinant is given by 

, , . p 4 sin 2 9 

det ^) = p- 

b A cosh a 

and does not vanish for r = r+ Q. Thus, we can add the horizon to block J as a 
smooth boundary. It is called the past event horizon and given by 

Si~ := Rn x {r = r+} r x S 2 e ^. 

The metric induced by g on hypersurfaces of constant r, g r , has determinant 

p 2 sin 2 9 A 



det(g r ) 



cosh 2 aF 2 



and thus degenerates for A = 0, i.e. at S)~ . Since g does not degenerate, it follows 
that one of the generators of Sj~ is zero, i.e. Sy~ is a null hypersurface. Kerr-star 
coordinates (t* , r, 0* , <p*) are constructed using the incoming SNG's : 

t* = t + r(r, 6>), 92* = ip + A(r), 0* = s (r, 0). 

This coordinate system allows to add the future event horizon 

=R t . x {r = r+} x S 2 ,^, 

as a smooth null boundary to block I. 



1 Note however that there is the usual coordinate singularity at sin 9 = 0. 



B.2. KRUSKAL-BOYER-LINDQUIST COORDINATES 



133 



B.2 Kruskal-Boyer-Lindquist coordinates 

The Kruskal-Boyer-Lindquist coordinate system is a combination of the two Kerr 
coordinate systems, modified in such a way that it is regular on both the future and 
the past horizons. The time and radial variables are replaced by 

U = e- K +** , V = e K+t * , (B.5) 



where n + is the surface gravity at the outer horizon, see (13. 5|) . The coordinate Q* = 
*9 = 9* is kept unchanged. The longitude function is defined by 

y>» = ip- „ a t. (B.6) 

The functions (U, V, 9, tp$) form an analytic coordinate system on BiUf) + U$j~ — (axes). 
In this coordinate system, we have 

Bi =]0,+oo[ £/ x]0,+oo[yxS , ^ !¥;l , 
^ + = {0}u x [0,+oo[ y xS e \ v , , Sj- = [0,+oo[ux{0} v x S% tipt , 

simply because t* (resp. *t) is regular at $j + (resp. Sj~), takes all real values on $) + 
(resp. Sj~), and tends to — oo (resp. +oo) at f)~ (resp. Sj + ). We want to build the 
crossing sphere S 2 = {U = V — 0}. To this purpose we introduce the function 

_ r- r + 

Lemma B.l. (i) The functions r and sin 9 are well defined analytic functions on 
[0,00)(7 x [0,oo) y x S 2 vt . 

(ii) The function L extends to a nonvanishing analytic function on [0, oo)u x 
[0,oo V x S 2 et lf!t . 

Proof, (i) We have 

UV \ _ ( e 2 ^^) \_ _( H uv (r, S mt 



( sin ^ ) = ;^M 7 ";« =^(r,sin0) = 

V / \ tanh(a) sin — 1 / 



H e »(r, sin( 



Using 



,2 , „2 



e ^+r = ( r - r+ )(r-r-) K + / "-e 
we easily check that 

diHuv d 2 H uv \ , . a \ 

d lHei d2 H m 

is invertible. Thus (r, sin#) = H~ 1 (UV, sin 0") is well defined in a neighborhood of 
the crossing sphere. 
(ii) We have 

, -2k+ r f./i — r2 t a2 dT „ . „ 

L — f r _ r _)- K +/ K - e Jr +VV <^+^F / e -2s + osui^ 

This and the result of (i) give (ii). □ 
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We have : 

dt = 2 K J- r+) (UdV-VdU), 

dr = ^^(UdV + VdU)-^^d9K 

d<P = d^ + r , + l a2 2K J_ r+) (UdV-VdU), 

dO = a{r ~Li;° s6L (UdV + VdU) + 



(B.7) 



Using (|B.7j) we find that the Kerr-Newman metric in these coordinates takes the form 

2L(r-r_)/ pi P 4 B 2 \ JTJJ ^ 

4k+P 2 \{r\+a 2 ) 2 a 1 ' 



+ .a: , : ) ,(A-^l(v*'^ 



Ak\ P 2 {t - r + ) \(r^ + a 2 ) 2 er 4 
sin 2 6* (r + r + ) 2 a 2 L 2 



P 2 



sin 2 #aL 



(£W - VdUf 



■((r - r_)pi + (r 2 + a 2 )(r + r+)){UdV - VdU)dip* 



K+p 2 ^^ + a 2 ) 

p2B2 (b.8 



cr 2 cosh 2 aF 2 p 2 

where = r\ + a 2 . Clearly r ^ r+ ( fp-q^sp — p g f ^ extends to an analytic function 
on [0, oo)[/ x [0, oo)y x S* 2 ,, The expression (|B.8|) then shows that 3 is smooth on 
Bi U f) + U and can be extended smoothly on [0, +oo[[/X [0, +oo[yx5| s «. The 
crossing sphere S 2 = {{/ = V = 0} is a regular surface in the extended space-time 

(b 7 kbl := [0,+oc[ux[0,+<x>[ v xS 2 eStV s , 9) . 

Hence, the Kruskal-Boyer-Lindquist coordinates give us a global description of the 
horizon 

55 = ST U S 2 U = ([0, +^[ [/ x{0}v x Sf t>w , t ) U ({()}[/ x [0, +oo[ y xS 8 \ ¥ ,) 
as a union of two smooth null boundaries f) + U S 2 and S 2 U 



B.3 Penrose compact ificat ion of Block / 

The Penrose compactification of the exterior of a Kerr-Newman black hole is per- 
formed using two independent and symmetric constructions, one based on star-Kerr, 
the other on Kerr-star coordinates. We describe explicitly only the first of these two 
constructions. 

Future null infinity is defined as the set of limit points of outgoing simple null 
geodesies as r — > +00. This rather abstract definition of a 3-surface, describing the 
congruence of outgoing simple null geodesies, can be given a precise meaning using 
star-Kerr coordinates. We consider the expression (|B.4p of the Kerr-Newman metric 
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in star-Kerr coordinates and replace the variable r by w — 1 jr. In these new variables, 
the exterior of the black hole is described as 



Sj=M^x 0, ■ 
The conformally rescaled metric 

g = Cl 2 g,Q 



1 



x S; 



8,*ip ■ 



(B.9) 



takes the form 

9 = 



2Mw j 



d*t 2 



1 + a 2 w 2 cos 2 9 / 

1 + a 2 w 2 cos 2 i 



^/(l + a 2 w 2 ) 2 - a 2 w 2 (l + (a 2 + Q 2 )w 2 - 2Mw) 



-d*tdw 



2w 
2aw 



1 



Q 2 w 2 - 2Mw 



a cos *9 



1 + a 2 w 2 cos 2 9 J F 2 cosh 2 a 
3 (2M-Q 2 w)G 2 
(1 + a 2 cos 2 9w 2 )F 2 V 
(1 + a 2 cos 2 9w 2 )F 2 cosh 2 a + a 2 (2Mw 3 



d*td*9 



Q 2 w 4 ) cos 2 *9 



2aw 



(1 + a 2 cos 2 9w 2 )F 4 cosh a 
(2M-Q 2 w)G 2 cos*6» 



d*0 2 



-d*9d*tp 



(1 + a 2 cos 2 6>w 2 ) cosh 2 aF 4 
((1 + a 2 w 2 ) 2 - a 2 w 2 (l + (a 2 + Q 2 )w 2 - 2Mw) sin 2 0)G 2 



(1 



i 2 cos 2 9w 2 )F 2 



sin 2 0c?V 2 



The functions sin 6* cos^, F, G, a have to be understood as functions of —,*9. It 
is clear from the formulas in Section IB. II that they possess analytic extensions to 



[0, x S^g. The expression above shows that g can be extended smoothly on the 
domain 

1 



x 



0. 



x 5; 



■9,'ip ■ 



The hypersurfacc 



3+ := R n x {w = 0} x 5^ jV 



can thus be added to the rescaled space-time as a smooth hypersurface, describing 
future null infinity as defined above. This hypersurface is indeed null since 

3U =0 = -d*6> 2 - sin 2 6» dV 

is degenerate (recall that J + is a 3-surface) and 

(1 + a 2 w 2 cos 2 9) 2 



det (§) 



F 2 cosh 2 a 



sin 2 6> 



does not vanish for w — 0. 

Similarly, using Kerr-star instead of star-Kerr coordinates, we define past null 
infinity, the set of limit points as r — » +00 of incoming simple null geodesies, as 



{w = 0} x S 2 e , 
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Figure B.l: The Penrose compactification of block /, with two hypersurfaces E s and 
Ef, t > s. 



The Penrose compactification of block / is then the space-time 

(B7, g) , Wi = Bi U£ + u Si USi~ u 3+ u j- , 

g being defined by (|B.9j) . In spite of the terminology used, the compactified space- 
time is not compact. There are three "points" missing to the boundary : i + , or future 
timelike infinity, defined as the limit point of uniformly timelike curves as t — > +00, i_, 
past timelike infinity, symmetric of i + in the distant past, and Iq, spacelike infinity, the 
limit point of uniformly spacelike curves as r — > +00. These "points" are singularities 
of the rescaled metric. See Figure [BTTI for a representation of the compactified block /. 

Writing 

U = e -K+(t-2(t,e)) y _ e K+(t+z(t,e)) 

and suppressing two dimensions gives the picture of the collapse of Figure 14.11 (see 
Section l4~5i 
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